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Abstract
Multiobjective evolutionary algorithms (MOEAs) have progressed significantly in re-
cent decades, but most of them are designed to solve unconstrained multiobjective opti-
mization problems. In fact, many real-world multiobjective problems contain a number
of constraints. To promote research on constrained multiobjective optimization, we
first propose a problem classification scheme with three primary types of difficulty,
which reflect various types of challenges presented by real-world optimization prob-
lems, in order to characterize the constraint functions in constrained multiobjective op-
timization problems (CMOPs). These are feasibility-hardness, convergence-hardness,
and diversity-hardness. We then develop a general toolkit to construct difficulty ad-
justable and scalable CMOPs (DAS-CMOPs, or DAS-CMaOPs when the number of
objectives is greater than three) with three types of parameterized constraint functions
developed to capture the three proposed types of difficulty. In fact, the combination of
the three primary constraint functions with different parameters allows the construc-
tion of a large variety of CMOPs, with difficulty that can be defined by a triplet, with
each of its parameters specifying the level of one of the types of primary difficulty. Fur-
thermore, the number of objectives in this toolkit can be scaled beyond three. Based
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on this toolkit, we suggest nine difficulty adjustable and scalable CMOPs and nine
CMaOPs, to be called DAS-CMOP1-9 and DAS-CMaOP1-9, respectively. To evaluate
the proposed test problems, two popular CMOEAs—MOEA/D-CDP (MOEA/D with
constraint dominance principle) and NSGA-II-CDP (NSGA-II with constraint domi-
nance principle) and two popular constrained many-objective evolutionary algorithms
(CMaOEAs)—C-MOEA/DD and C-NSGA-III—are used to compare performance on
DAS-CMOP1-9 and DAS-CMaOP1-9 with a variety of difficulty triplets, respectively.
The experimental results reveal that mechanisms in MOEA/D-CDP may be more ef-
fective in solving convergence-hard DAS-CMOPs, while mechanisms of NSGA-II-CDP
may be more effective in solving DAS-CMOPs with simultaneous diversity-, feasibility-
, and convergence-hardness. Mechanisms in C-NSGA-III may be more effective in
solving feasibility-hard CMaOPs, while mechanisms of C-MOEA/DD may be more
effective in solving CMaOPs with convergence-hardness. In addition, none of them
can solve these problems efficiently, which stimulates us to continue to develop new
CMOEAs and CMaOEAs to solve the suggested DAS-CMOPs and DAS-CMaOPs.

Keywords
Constrained problems, evolutionary multiobjective optimization, test problems, con-
trolled difficulties.

1 Introduction

Practical optimization problems usually involve simultaneous optimization of multi-
ple conflicting objectives with many constraints. Without loss of generality, constrained
multiobjective optimization problems (CMOPs) can be defined as follows:

minimize F(x) = (f1(x), . . . , fm(x))T

subject to gi (x) ≥ 0, i = 1, . . . , q

hj (x) = 0, j = 1, . . . , p

x ∈ R
n, (1)

where F(x) = (f1(x), f2(x), . . . , fm(x))T ∈ R
m is an m-dimensional objective vector,

gi (x) ≥ 0 defines the i-th of q inequality constraints, and hj (x) = 0 defines the j -th of
p equality constraints. If m is greater than three, we usually call it a constrained many-
objective optimization problem (CMaOP).

A solution x is said to be feasible if it meets gi (x) ≥ 0, i = 1, . . . , q and hj (x) = 0, j =
1, . . . , p at the same time. For two feasible solutions x1 and x2, solution x1 is said to
dominate x2 if fi (x1) ≤ fi (x2) for each i ∈ {1, . . . , m} and fj (x1) < fj (x2) for at least one
j ∈ {1, . . . , m}, denoted as x1 � x2. For a feasible solution x∗ ∈ R

n, if there is no other
feasible solution x ∈ R

n dominating x∗, x∗ is said to be a feasible Pareto-optimal solution.
The set of all feasible Pareto-optimal solutions is called the Pareto set (PS). Mapping the
PS into the objective space defines a set of objective vectors, denoted as the Pareto front
(PF), where PF = {F(x) ∈ R

m|x ∈ PS}.
For CMOPs, more than one objective must be optimized simultaneously, sub-

ject to constraints. Generally speaking, CMOPs are much more difficult to solve than
their unconstrained counterparts—unconstrained multiobjective optimization prob-
lems (MOPs). Constrained multiobjective evolutionary algorithms (CMOEAs) are par-
ticularly designed to solve CMOPs, with the capability of balancing the search between
the feasible and infeasible regions in the search space (Runarsson and Yao, 2005). In
fact, two basic issues must be considered carefully when designing a CMOEA. One is
to manage the effort devoted to seeking feasible, rather than infeasible, solutions; the
other is to balance the convergence and diversity of the CMOEA.
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To address the first issue, constraint handling mechanisms must be carefully de-
signed by researchers. The existing constraint-handling methods can be broadly classi-
fied into five different types: penalty functions, special representations and operators,
repair algorithms, separation of constraints and objectives, and ensemble-of-constraint-
handling-methods approaches, as delineated in Coello Coello (2002), Mezura-Montes
and Coello (2011), and Coello (2018). The penalty function-based method is one of the
most popular of such approaches. The overall constraint violation is added to each
objective with a predefined penalty factor, which indicates a preference between the
satisfaction of the constraints and the extremization of the objectives. Penalty function-
based methods include use of a death penalty (Hoffmeister and Sprave, 1996), static
penalty (Hoffmeister and Sprave, 1996), dynamic penalty (Joines and Houck, 1994),
adaptive penalty (Coit et al., 1996; Ben Hadj-Alouane and Bean, 1997), co-evolutionary
penalty (Huang et al., 2007), and self-adaptive penalty (Tessema and Yen, 2006; Wold-
esenbet et al., 2009). The methods using special representations and operators try to
map chromosomes from the infeasible region into the feasible region. A more interest-
ing type of approach within this group is the so-called ”Decoders” method, which is
based on the idea of mapping the feasible region into an easier-to-sample space where
an evolutionary algorithm can provide better performance (Koziel and Michalewicz,
1998). Representative examples of this type include homomorphous maps (HM) (Koziel
and Michalewicz, 1999) and Riemann mapping (Kim, 1998). The third type, repair
algorithms, try to transform an infeasible solution into a feasible one. A typical ex-
ample of this type is Genocop III (genetic algorithm for numerical optimization of
constrained problems) (Michalewicz and Nazhiyath, 1995). However, this type of ap-
proach is problem-dependent and is usually used in combinatorial optimization prob-
lems (Salcedo-Sanz, 2009). For a particular problem, a specific repair algorithm must be
designed. In the methods using separation of constraints and objectives, the constraint
functions and the objective functions are treated separately. Some examples of this
type include coevolution (Paredis, 1994), constraint dominance principle (CDP) (Deb,
2000; Deb et al., 2001), stochastic ranking (Runarsson and Yao, 2000), α-constrained
method (also called the ε-constrained method) (Takahama and Sakai, 2005; Laumanns
et al., 2006; Takahama et al., 2005), use of multiobjective optimization concepts (Cai and
Wang, 2006; Ray et al., 2009), and COMOGA (Surry and Radcliffe, 1997). The ensemble-
of-constraint-handling-methods approaches usually adopt several constraint-handling
methods to deal with constraints. Representative methods include the adaptive trade-
off model (ATM) (Wang et al., 2008) and the ensemble of constraint handling methods
(ECHM) (Mallipeddi and Suganthan, 2010; Qu and Suganthan, 2011).

To address the second issue, selection methods need to be designed to balance the
performance in terms of convergence versus the diversity in an MOEA. At present,
MOEAs can be generally classified into three categories based on selection strategies.
They are Pareto-dominance-based (e.g., NSGA-II (Deb et al., 2002), PAES-II (Corne et al.,
2001), and SPEA-II (Zitzler et al., 2001)), decomposition-based (e.g., MOEA/D (Zhang
and Li, 2007), MOEA/D-DE (Li and Zhang, 2009), MOEA/D-M2M (Liu et al., 2014), and
EAG-MOEA/D (Cai et al., 2015)) and indicator-based (e.g., IBEA (Zitzler and Künzli,
2004), R2-IBEA (Phan and Suzuki, 2013), SMS-EMOA (Beume et al., 2007), and HypE
(Bader and Zitzler, 2011)). In the group of Pareto-dominance-based methods, such as
NSGA-II (Deb et al., 2002), the first set of nondominated solutions is selected to improve
the convergence performance, and a crowding distance measure in the last-ranked
nondominated set is adopted to maintain the diversity performance. In decomposition-
based methods, the convergence performance is maintained by minimizing the aggre-
gation functions and the diversity performance is obtained by setting the weight vectors
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uniformly. In indicator-based methods, such as HypE (Bader and Zitzler, 2011), the con-
vergence and diversity performance are both achieved using a hypervolume metric.

A CMOP includes objectives and constraints. A number of features have already
been identified to define the difficulty of objectives, which include:

1. Geometry of a PF (linear, convex, concave, degenerate, disconnected, or a mix-
ture of them)

2. Search space (biased, or unbiased)

3. Unimodal or multimodal objectives

4. Dimensionality of variable space and objective space

The first of these features is the geometry of the PF. The PF of an MOP can be lin-
ear, convex, concave, degenerate, disconnected, or a mixture of them. Representative
benchmarking MOPs reflecting this type of difficulty include ZDT (Deb, 1999), F1-9 (Li
and Zhang, 2009), and DTLZ (Deb et al., 2005). The second feature is the biased or unbi-
ased nature of the search space, which means whether an evenly distributed sample of
decision vectors in the search space maps to an evenly distributed set of objective vec-
tors in the objective space (Huband et al., 2006). Representative benchmarking MOPs
with biased search spaces include MOP1-7 (Liu et al., 2014) and IMB1-14 (Liu et al.,
2017). The third feature is the modality of objectives. The objectives of an MOP can be
either unimodal (for example, DTLZ1 (Deb et al., 2005)) or multimodal (for example, F8
(Li and Zhang, 2009)). Multimodal objectives have multiple locally optimal solutions,
which increases the likelihood of an algorithm being trapped in a local optimum. High
dimensionality of variable space and objective space are also critical features in defining
the difficulty of objectives. LSMOP1-9 (Cheng et al., 2017) have high dimensionality in
the variable space. DTLZ (Deb et al., 2005) and WFG (Huband et al., 2006) have high
dimensionality in the objective space.

On the other hand, constraint functions in general greatly increase the difficulty of
solving CMOPs. However, as far as we know, only relatively few test suites (CTP (Deb,
2001) and CF (Zhang et al., 2008)) have been designed for CMOPs.

The CTP test problems (Deb, 2001) allow adjusting of the difficulty of the constraint
functions. They offer two types of difficulties: the difficulty near the PF and the difficulty
in the entire search space. The test problem CTP1 gives difficulty near the PF, because
the constraint functions of CTP1 make the search region near the Pareto front infeasible.
Test problems CTP2-CTP8 provide difficulty for an optimizer throughout the search
space.

The CF test problems (Zhang et al., 2008) are also commonly used benchmarks, and
provide two types of difficulties. For CF1-CF3 and CF8-CF10, the PFs are parts of their
unconstrained PFs. The rest of the CF test problems CF4-CF7 have difficulties near their
PFs, and many constrained Pareto-optimal points lie on constraint boundaries.

Even though CTP (Deb, 2001) and CF (Zhang et al., 2008) offer the above-mentioned
advantages, they have some limitations:

• The difficulty level of each type is not adjustable.

• No constraint functions with low ratios of feasible regions in the entire search
space are suggested.

• The number of objectives is not scalable.
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Other sometimes used two-objective test problems include BNH (Binh and Korn,
1997), TNK (Tanaka et al., 1995), SRN (Srinvas and Deb, 1994), and OSY (Osyczka and
Kundu, 1995) problems, which are not scalable in the number of objectives, and in which
it is harder to identify their types of difficulties.

In this article, we propose a general framework to construct difficulty adjustable
and objective scalable CMOPs which can overcome the limitations of existing CMOPs.
CMOPs constructed by this toolkit can be classified into three major types, which
are feasibility-hard, convergence-hard, and diversity-hard CMOPs. A feasibility-hard
CMOP is a type of problem that makes it difficult for CMOEAs to find feasible solutions
in the search space. CMOPs with feasibility-hardness usually have small portions of
the entire search space that are feasible regions. In contrast, CMOPs with convergence-
hardness mainly make it difficult for CMOEAs to approach the PFs efficiently, by set-
ting many infeasibility obstacles before the PFs. CMOPs with diversity-hardness mainly
make it difficult for CMOEAs to distribute their solutions along the complete PFs. In our
work, any or all three types of difficulty may be embedded into CMOPs through proper
construction of constraint functions.

Of course, one interested in solving a particular CMOP must be cautious not to put
too much reliance in the performance of a given algorithm on any set of benchmark
problems. It would be extremely useful if there were a technique to characterize an ar-
bitrary real-world problem, with its generally long evaluation time, according to a set of
characteristics that then could be captured in benchmark problems that could be evalu-
ated much more quickly to compare search algorithms. Unfortunately, no such function
characterization method exists, so selecting a CMOEA must be based on less formal un-
derstanding of the problem characteristics. The No-Free-Lunch Theorem (Wolpert and
Macready, 1997) establishes that different algorithms are better suited to optimizing dif-
ferent sorts of functions, so it is useful to benchmark algorithms on problems that are as
similar as possible to the one which is actually being solved. Since there is no analytical
way to do this, it appears that having a set of benchmark functions with tunable levels
of difficulty of different sorts is at least a step in a productive direction.

In summary, the contributions of this article are as follows:

1. This article defines three primary types of difficulty for constraints in CMOPs.
When designing new constraint handling mechanisms for a CMOEA, one has to
investigate the nature of constraints in a CMOP that the CMOEA is aiming to ad-
dress, including the types and levels of difficulties embedded in the constraints.
Therefore, the ability to define arbitrary amounts of multiple types of difficulty
for constraints in CMOPs is necessary and desirable.

2. This article also defines a level of difficulty for each type of difficulty for con-
straints in the constructed CMOPs, which can be adjusted by users. A difficulty
level is uniquely defined by a triplet with each of its parameters specifying the
level of one primary difficulty type. Combination of the three primary constraint
types with different difficulty triplets can lead to construction of a large variety
of CMOPs.

3. Based on the proposed three primary types of difficulty for constraints, nine dif-
ficulty adjustable and scalable CMOPs and CMaOPs, called DAS-CMOP1-9 and
DAS-CMaOP1-9, have been constructed.

The remainder of this article is organized as follows. Section 2 discusses the effects
of constraints on PFs. Section 3 introduces the types and levels of difficulty provided
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Figure 1: Illustration of the effects of constraints on PFs. (a) Infeasible regions make the
original unconstrained PF partially feasible. Many constrained Pareto optimal solutions
lie on constraint boundaries. (b) Infeasible regions make the original unconstrained PF
partially feasible. The constrained PF is a portion of its unconstrained PF. (c) Infeasi-
ble regions block the way toward converging to the PF. The constrained PF is same
to its unconstrained PF. (d) The complete original PF is no longer feasible. Every con-
strained Pareto optimal solution lies on a constraint boundary. (e) Constraints reduce
the dimensionality of the PF. A two-objective optimization problem is transformed into
a constrained single-objective optimization problem.

by constraints in CMOPs. Section 4 explains the proposed toolkit of construction meth-
ods for generating constraints in CMOPs with different types and levels of difficulty.
Section 5 specifies the scalability of the number of objectives in CMOPs using the pro-
posed toolkit. Section 6 generates a set of difficulty adjustable CMOPs using the pro-
posed toolkit. In Section 7, the performance of two CMOEAs on DAS-CMOP1-9 with
different difficulty levels is compared by experimental studies, and Section 8 concludes
the article.

2 Effects of Constraints on PFs

Constraints define the infeasible regions in the search space, leading to different types
and levels of difficulty for the resulting CMOPs. Some major possible effects of the con-
straints on the PFs in CMOPs include the following (Jain and Deb, 2014):

1. Infeasible regions make the original unconstrained PF only partially feasible.
This can be further divided into two situations. In the first situation, the PF of
the constrained problem consists of a part of its unconstrained PF and a set of
solutions on some boundaries of constraints, as illustrated by Figure 1a. In the
second situation, the PF of the constrained problem is only a portion of its un-
constrained PF, as illustrated by Figure 1b.

2. Infeasible regions block the way towards the PF, as illustrated by Figure 1c.
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3. The complete original PF (of the unconstrained problem) is covered by infeasible
regions and is no longer feasible. Every constrained Pareto optimal point lies on
a constraint boundary, as illustrated by Figure 1d.

4. Constraints may reduce the dimensionality of the PF, with one example illus-
trated by Figure 1e. In general, although the problem is M−dimensional, con-
straints can make the constrained PF K−dimensional (where K < M). In the
particular case of Figure 1e, M = 2,K = 1.

3 Difficulty Types and Levels of CMOPs

In this section, three primary difficulty types, including convergence-hardness,
diversity-hardness, and feasibility-hardness, are illustrated. The difficulty level for each
primary difficulty type is also described.

3.1 Difficulty 1: Diversity-Hardness

Generally, the PFs of CMOPs with diversity-hardness have many discrete segments, or
some parts that are more difficult to achieve than other parts, because large infeasible
regions are imposed in their vicinity. As a result, achieving the complete PF is difficult
for CMOEAs.

3.2 Difficulty 2: Feasibility-Hardness

For feasibility-hard CMOPs, the proportion of feasible regions in the search space is
usually very low. It is difficult for a CMOEA to find any feasible solutions on CMOPs
with feasibility-hardness. Often in the initial stage of a CMOEA, most or all solutions
in the population are infeasible.

3.3 Difficulty 3: Convergence-Hardness

CMOPs with convergence-hardness hinder the convergence of CMOEAs toward the
PFs. Usually, CMOEAs encounter more difficulty in achieving the PFs because infeasi-
ble regions block the way as they converge toward the PFs. In other words, the gener-
ational distance (GD) metric (Van Veldhuizen and Lamont, 1998), which indicates the
convergence performance, is difficult to minimize in the evolutionary process.

3.4 Difficulty Level of Each Primary Difficulty Type

A difficulty level of each primary difficulty type can be defined by a parameter in the
parameterized constraint function corresponding to the primary difficulty type. Each
parameter is normalized from 0 to 1. Three parameters, corresponding to the difficulty
levels of the three primary difficulty types, form a triplet (η, ζ, γ ) that exactly defines
the difficulty signature of a CMOP constructed by the three parameterized constraint
functions. If we allow the three parameters to take any value between 0 and 1, then
we can literally get countless varieties of difficulty (analogous to countless colors in the
color space, as shown in Figure 2). A difficulty signature is then precisely depicted by a
triplet (η, ζ, γ ).

4 Construction Toolkit

As we know, constructing a CMOP involves constructing two major parts—objective
functions and constraint functions. Li et al. (2014) suggested a general framework for
constructing objective functions for benchmark problems. It is stated as follows:

fi (x) = αi (x1:m−1) + βi (x1:m−1, xm:n), (2)
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Figure 2: Illustration of difficulty types and levels. (a) The three primary difficulty types
and their combinations resulting in seven basic difficulty types (as shown in Table 1),
using the analogy with three primary colors and their combinations forming seven ba-
sic colors. (b) Combining three parameterized constraint functions using a triplet com-
posed of three parameters. The three primary constraint functions correspond to the
three primary difficulty types.

Table 1: Basic difficulty types of CMOPs.

Basic Difficulty Types Comment

T1: Diversity-hardness Distributing the feasible solutions in the
complete PF is difficult.

T2: Feasibility-hardness Obtaining a feasible solution is difficult.
T3: Convergence-hardness Approaching a Pareto optimal solution

is difficult.
T4: Diversity-hardness and feasibility-hardness Obtaining a feasible solution and the

complete PF is difficult.
T5: Diversity-hardness and convergence-hardness Approaching a Pareto optimal solution

and the complete PF is difficult.
T6: Feasibility-hardness and convergence-hardness Obtaining a feasible solution and

approaching a Pareto optimal
solution is difficult.

T7: Diversity-hardness, feasibility-hardness, and
convergence-hardness

Obtaining a Pareto optimal solution and
the complete PF is difficult.

where x1:m−1 = (x1, . . . , xm−1)T , xm:n = (xm, . . . , xn)T are two subvectors of x =
(x1, . . . , xn)T . The function αi (x1:m−1) is called the shape function, and βi (x1:m−1, xm:n)
is called the nonnegative distance function. The objective function fi (x), i = 1, . . . , m

is the sum of the shape function αi (x1:m−1) and the nonnegative distance function
βi (x1:m−1, xm:n). We adopt the method of Li et al. (2014) to construct objective functions
in this work.

In terms of constructing the constraint functions, three different types of con-
straint functions are suggested in this article, corresponding to the three proposed
primary types of difficulties of CMOPs. More specifically, Type-I constraint functions
provide difficulty of diversity-hardness, Type-II constraint functions introduce diffi-
culty of feasibility-hardness, and Type-III constraint functions generate difficulty of
convergence-hardness. The detailed definitions of the three types of constraint func-
tions are given as follows:
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Figure 3: Illustrations of the influence of Type-I constraint functions. When the parame-
ter of difficulty level η increases, the width of each segment in the PF decreases, and the
difficulty level of a CMOP increases. The PF of a CMOP with Type-I constraint func-
tions is disconnected and usually has many discrete segments, so obtaining the com-
plete PF is difficult. Thus a CMOP with Type-I constraint functions is diversity-hard.
(a) A two-objective CMOP with η = 0.55. (b) A two-objective CMOP with η = 0.75. (c) A
two-objective CMOP with η = 1.0. (d) A three-objective CMOP with η = 0.75.

4.1 Type-I Constraint Functions: Diversity-Hardness

Type-I constraint functions are defined to limit the boundaries of sub-vector x1:m−1. More
specifically, this type of constraint function divides the PF of a CMOP into a number of
disconnected segments, generating difficulty of diversity-hardness. Here, we use a pa-
rameter η ∈ [0, 1] to represent the level of difficulty. η = 0 means the constraint functions
impose no effect on the CMOP, while η = 1 means the constraint functions provide their
maximum effect.

An example of a CMOP with diversity-hardness is suggested as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

minimize f1(x) = x1 + g(x)

minimize f2(x) = 1 − x2
1 + g(x)

g(x) =
n∑

i=2

(xi − sin(0.5πx1))2

subject to c(x) = sin(aπx1) − b ≥ 0

xi ∈ [0, 1],

(3)

where a > 0, b ∈ [−1, 1]. As an example, a = 10 and n = 2 are set here. The parameter
η specifying the level of difficulty determines b = 2η − 1. The number of disconnected
segments in the PF is controlled by a. Moreover, the value of b controls the width of each
segment. The width of each segment is at its maximum when b = −1 (and η = 0). When
b increases, the width of each segment decreases, and the difficulty level increases, and
so does the parameter of the difficulty level η. As a result, if η is set to 0.55, the PF is
shown in Figure 3a. If η = 0.75, the PF appears as shown in Figure 3b. It can be observed
that the width of each segment of the PF is reduced as η keeps increasing. If η = 1.0,
the width of each segment shrinks to zero as shown in Figure 3c, which provides the
maximum level of difficulty to the CMOP. The PF of a three-objective CMOP with Type-I
constraint functions is also shown in Figure 3d, with the difficult level η = 0.75. It can be
seen that Type-I constraint functions can be applied in more than two-objective CMOPs,
which means that a CMOP with a scalable number of objectives can be constructed
using this type of constraint function.
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Figure 4: Illustrations on the influence of Type-II constraint functions. The parameter
of difficulty degree ζ = 1

exp(b−a) determines the proportion of feasible regions. Here, the
value of a, the offset of the constrained PF from the unconstrained PF, is defaulted to 0.5.
When parameter ζ increases, the proportion of feasible area decreases, and the difficulty
level of feasibility increases. (a) ζ = 0.0. (b) ζ = 0.905. (c) ζ = 1.0. (d) Type-II constraint
functions can also be applied in three-objective optimization problems, as shown with
ζ = 0.905.

4.2 Type-II Constraint Functions: Feasibility-Hardness

Type-II constraint functions are set to limit the reachable boundaries of the distance
function of βi (x1:m−1, xm:n), and thereby control the proportion of the search space that
is feasible. That is, they generate the difficulty of feasibility-hardness. Here, we use a
parameter ζ to represent the level of difficulty, which ranges from 0 to 1. ζ = 0 means
the constraints are the weakest, and ζ = 1.0 means the constraint functions are the
strongest.

For example, a CMOP with Type-II constraint functions can be defined as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

minimize f1(x) = x1 + g(x)
minimize f2(x) = 1 − x2

1 + g(x)

g(x) =
n∑

i=2

(xi − sin(0.5πx1))2

subject to c1(x) = g(x) − a ≥ 0
c2(x) = b − g(x) ≥ 0
n = 30, xi ∈ [0, 1],

(4)

where ζ equals to 1
exp(b−a) , a ≥ 0, b ≥ 0 and b ≥ a. The distance between the constrained

PF and unconstrained PF is controlled by a, and a = 0.5 in this example. The proportion
of feasible regions is controlled by b − a. For an arbitrary a, b must be set to a − ln ζ to
achieve a hardness in (0,1]. As b − a approaches +∞, ζ approaches 0, and the feasible
area grows, as shown in Figure 4a. If ζ = 0.905, b − a = 0.1, and the feasible area is
decreased as shown in Figure 4b. For ζ = 1.0, b = a, and the feasible area in the objective
space is very small, which can be observed in Figure 4c. Type-II constraints can be also
applied to CMOPs with three objectives, as shown in Figure 4d.

4.3 Type-III Constraint Functions: Convergence-Hardness

Type-III constraint functions limit the reachable boundary of objectives. As a result, in-
feasible regions act like “blocking” obstacles for the population of a CMOEA search-
ing for the PF. As a result, Type-III constraint functions generate the difficulty of
convergence-hardness. Here, we use a parameter γ to represent the level of difficulty,
which ranges from 0 to 1. γ = 0 means the constraints are the weakest, γ = 1 means the
constraints are the strongest, and the difficulty level increases as γ increases.
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Figure 5: Illustrations of the influence of Type-III constraint functions. Infeasible regions
block the way of converging to the PF. The gray parts of each figure are infeasible re-
gions. A parameter γ is adopted to represent the level of difficulty, which ranges from 0
to 1. γ = 0 means the constraints are the weakest, and γ = 1 means the constraints are
the strongest. When γ increases, the difficulty level of convergence-hardness of a CMOP
increases. (a) γ = 0.1. (b) γ = 0.5. (c) γ = 0.75. (d) Type-III constraint functions can also
be applied in three-objective optimization problems, as shown here with γ = 0.5.

For example, a CMOP with Type-III constraint functions can be defined as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min f1(x) = x1 + g(x)
min f2(x) = 1 − x2

1 + g(x)

where g(x) =
n∑

i=2

(xi − sin(0.5πx1))2

s.t. ck (x) = ((f1 − pk ) cos θk − (f2 − qk ) sin θk )2/a2
k

+ ((f1 − pk ) sin θk + (f2 − qk ) cos θk )2/b2
k ≥ r

pk = [0, 1, 0, 1, 2, 0, 1, 2, 3]
qk = [1.5, 0.5, 2.5, 1.5, 0.5, 3.5, 2.5, 1.5, 0.5]
a2

k = 0.4, b2
k = 1.6, θk = −0.25π

c = 20, n = 30, xi ∈ [0, 1], k = 1, . . . , 9,

(5)

where the level of difficulty parameter γ determines parameter r as r = γ /2. If γ = 0.1,
the PF is shown in Figure 5a. If γ = 0.5, the infeasible regions are increased and shown
in Figure 5b. If γ = 0.75, the infeasible regions become bigger than those of γ = 0.5 as
shown in Figure 5c. Type-III constraint functions can be also applied to CMOPs with
three objectives, as shown in Figure 5d.

Type-III constraint functions can be expressed in a matrix form, which can be de-
fined as follows:

(F (x) − Hk )T Sk (F (x) − Hk ) ≥ r, (6)

where F (x) = (f1(x), . . . , fm(x))T . Hk is a translation vector. Sk is a transformation ma-
trix that controls the degree of rotation and stretching of the vector (F (x) − Hk ). Accord-
ing to the Type-III constraint functions in Eq. (5), Hk = (pk, qk )T , and Sk can be expressed
as follows:

Sk =

⎡
⎢⎢⎢⎣

cos2 θk

a2
k

+ sin2 θk

b2
k

−sin 2θk

a2
k

sin 2θk

b2
k

cos2 θk

b2
k

+ sin2 θk

a2
k

⎤
⎥⎥⎥⎦ .

To summarize, the three types of constraint functions discussed above correspond
to the three primary difficulty types of CMOPs. The level of each primary difficulty
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type can be decided by a parameter. In this work, the three parameters are defined
in a triplet (η, ζ, γ ), which specifies the difficulty levels of the various primary types
of difficulty. This approach of constructing a toolkit for CMOPs can also be scaled to
generate CMOPs with more than three objective functions. The scalability to the number
of objectives is discussed in more detail next.

5 Scalability of the Number of Objectives

Many-objective optimization has attracted much research interest in recent years, which
makes the scalability of the number of objectives of CMOPs a desirable feature. A gen-
eral framework to construct CMOPs with a scalable number of objectives is given as
follows: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min f1(x) = α1(x1:m−1) + β1(x1:m−1, xm:n)

min f2(x) = α2(x1:m−1) + β2(x1:m−1, xm:n)
...

min fm(x) = αm(x1:m−1) + βm(x1:m−1, xm:n)

s.t. ck (x) = sin(aπxk ) − b ≥ 0, if k is odd

ck (x) = cos(aπxk ) − b ≥ 0, if k is even

cK+p(x) = (e − βp )(βp − d ) ≥ 0

cK+P+q (x) = (F (x) − Hq )T Sq (F (x) − Hq ) ≥ r

k = 1, . . . , K, and K ≤ m − 1

p = 1, . . . , P , and P ≤ m

q = 1, . . . , Q

η = (b + 1)/2

ζ = exp(d − e), d ≤ e, if ζ == 0, d = 0

γ = 2r.

(7)

In Eq. (7), we borrow an idea from the WFG toolkit (Huband et al., 2006) to con-
struct objectives, which can be scaled to any number of objectives. More specifically,
the number of objectives is controlled by a user-defined parameter m.

The three different types of constraint functions proposed in Section 5 can be
combined with the scalable objective functions to construct difficulty adjustable and
scalable CMOPs (DAS-CMOPs). More specifically, the first K constraint functions of
Type-I are defined to limit the reachable boundary of each decision variable in the shape
functions (α1(x1:m−1) to αm(x1:m−1)), which have the ability to control the difficulty level
of diversity-hardness using η. The (K + 1) to (K + P ) constraint functions belong to
Type-II, which limit the reachable boundary of the distance functions (β1(x1:m−1, xm:n)
to β1(x1:m−1, xm:n)). They have the ability to control the difficulty level of feasibility-
hardness using ζ . The last Q constraint functions are set directly on each objective,
and belong to Type-III. They generate a number of infeasible regions, which hinder
the working population of a CMOEA as it approaches the PF. The difficulty level of
convergence-hardness generated by Type-III constraint functions is controlled by γ . The
other parameters in Eq. (7) are illustrated as follows.

Three parameters—K , P , and Q—are used to control the number of each type of
constraint function. K ≤ m − 1, P ≤ m and Q ≥ 1. The total number of constraint func-
tions is controlled by (K + P + Q). n determines the dimension of decision variables,
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and n ≥ m. a decides the number of disconnected segments in a PF. d indicates the dis-
tance between the constrained PF and the unconstrained PF.

It is worth noting that the number of objectives of DAS-CMOPs can be easily scaled
by tuning parameter m. The difficulty level of DAS-CMOPs can be also easily adjusted
by assigning a difficulty triplet (η, ζ, γ ) with three parameters ranging from 0 to 1.

6 A Set of Difficulty-Adjustable and Scalable CMOPs

In this section, as an example, a set of nine difficulty adjustable and scalable CMOPs
(DAS-CMOP1-9) and a set of nine difficulty adjustable and scalable CMaOPs (DAS-
CMaOP1-9) are suggested using the proposed toolkit.

As mentioned in Section 4, constructing a CMOP includes constructing both ob-
jective functions and constraint functions. According to Eq. (7), we suggest nine mul-
tiobjective functions, including convex, concave, and discrete PF shapes, to construct
CMOPs. A set of difficulty adjustable constraint functions is generated by Eq. (7). Nine
difficulty adjustable and scalable CMOPs, called DAS-CMOP1-9, are generated by com-
bining the suggested objective functions and the generated constraint functions. The
detailed definitions of DAS-CMOP1-9 are given in Table 2.

In Table 2, DAS-CMOP1-3 have the same constraint functions. DAS-CMOP4-6 also
use that same set of constraint functions. The difference between DAS-CMOP1-3 and
DAS-CMOP4-6 is that they have different distance functions. The number of objectives
in Eq. (7) can be scaled to more than two. For example, DAS-CMOP7-9 have three ob-
jectives. The constraint functions of DAS-CMOP8 and DAS-CMOP9 are the same as
those of DAS-CMOP7. The feasible regions and true PFs (PFs with constraints) of DAS-
CMOP1-9 with different difficulty triplets are plotted in Figure 6.

To construct CMOPs with more than three objectives, we borrow the idea from the
WFG toolkit (Huband et al., 2006) to construct objectives, which can be scaled to any
number of objectives. A general formulation of DAS-CMaOPs is listed as follows.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Given z = {z1, . . . , zk, zk+1, . . . , zn}
Minimize fm=1:M (x) = DxM + Smhm(x1:M−1)

where x = {x1, . . . , xM}
subject to ck (x) = sin(aπxk ) − b ≥ 0, if k is odd

ck (x) = cos(aπxk ) − b ≥ 0, if k is even

cM (x) = (e − xM )(xM − d ) ≥ 0

cM+P (x) =
M∑

j=1,j �=P

(fj (x)/Sj )2 + (fP (x)/SP − 1)2 − r2 ≥ 0

c2M+1(x) =
M∑

j=1

(
fj (x)/Sj − 1√

M

)2

− r2 ≥ 0

a = 20, d = 0.5, n = 30

k = 1, . . . ,M − 1, P = 1, . . . ,M

b = η, if η = 0, c1:M−1(x) = 0

e − d = 10−2ζ , if ζ = 0, cM (x) = 0

r = 0.5 ∗ γ, if γ = 0, cM+1:2M+1(x) = 0,

(8)
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Figure 6: The feasible regions and PFs with constraints (true PFs) of DAS-CMOP1-9 with
different difficulty triplets are plotted. Since DAS-CMOP1-3 and DAS-CMOP4-6 have
similar feasible regions and PFs when they have the same difficulty triplets, the diffi-
culty triplets for DAS-CMOP1-3 are set to (0, 0.5, 0.5), and the difficulty triplets for DAS-
CMOP4-6 are set to (0.5, 0.5, 0.5). For DAS-CMOP7-9, the difficulty triplets are also set
to (0.5, 0.5, 0.5).

where z is a decision vector, and x is an intermediate vector. There is a mapping between
x and z, and the details can be found in the literature (Huband et al., 2006). In this article,
nine DAS-CMaOPs named DAS-CMaOP1-9 are suggested. The objective functions of
DAS-CMaOP1-9 are the same as those of WFG1-9 (Huband et al., 2006). The number
of position-related parameters in the decision vector z is set to 10, and the number of
distance-related parameters in the decision vector z is set to 20.

7 Experimental Study

7.1 Experimental Settings

To test the performance of CMOEAs on the DAS-CMOPs, two commonly used
CMOEAs (i.e., MOEA/D-CDP and NSGA-II-CDP) are tested on DAS-CMOP1-9 with
sixteen different difficulty triplets. The difficulty triplets for each DAS-CMOP are listed
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Table 3: Sixteen difficulty triplets are set for each DAS-CMOP. The difficulty levels of the
feasibility-hardness of the last four difficulty triplets are set to 1.0. In this circumstance,
some inequality constraints of DAS-CMOPs are transformed into equality constraints,
which can be used to test the performance of MOEA/D-CDP and NSGA-II-CDP in solv-
ing DAS-CMOPs with equality constraints. For each DAS-CMaOP, the first twelve diffi-
culty triplets are used. Numbers 1, 5, and 9 represent problems that are diversity-hard.
Numbers 2, 6, and 10 represent problems that are feasibility-hard. Numbers 3, 7, and
11 represent problems that are convergence-hard. Numbers 4, 8, and 12 represent prob-
lems that simultaneously exhibit all three types of difficulty. Numbers 13–15 represent
problems with equality constraints.

Difficulty Difficulty Difficulty Difficulty
No. Triplet No. Triplet No. Triplet No. Triplet

1 (0.25,0.0,0.0) 2 (0.0,0.25,0.0) 3 (0.0,0.0,0.25) 4 (0.25,0.25,0.25)
5 (0.5,0.0,0.0) 6 (0.0,0.5,0.0) 7 (0.0,0.0,0.5) 8 (0.5,0.5,0.5)
9 (0.75,0.0,0.0) 10 (0.0,0.75,0.0) 11 (0.0,0.0,0.75) 12 (0.75,0.75,0.75)
13 (0.0,1.0,0.0) 14 (0.5,1.0,0.0) 15 (0.0,1.0,0.5) 16 (0.5,1.0,0.5)

in Table 3. To test the performance of CMaOEAs on the DAS-CMaOPs, two popular
CMaOEAs (i.e., C-MOEA/DD and C-NSGA-III) are tested on DAS-CMaOP1-9 with the
first twelve different difficulty triplets in Table 3.

7.2 Test Algorithms

To evaluate the proposed test problems with 2 and 3 objectives, two popular algorithms,
NSGA-II (Deb et al., 2002) and MOEA/D (Zhang and Li, 2007), are tested. To deal with
constraints, a widely used constraint-handling mechanism called CDP (Deb et al., 2001)
is integrated with NSGA-II and MOEA/D. The constrained versions of NSGA-II and
MOEA/D are called NSGA-II-CDP and MOEA/D-CDP, respectively. Two popular al-
gorithms for solving problems with more than 3 objectives, including NSGA-III (Deb
and Jain, 2014; Jain and Deb, 2014) and MOEA/DD (Li et al., 2015), are tested on the pro-
posed test problems with more than 3 objectives. Their constrained versions are called
C-NSGA-III and C-MOEA/DD, respectively. A brief introduction of each algorithm is
given below.

1. NSGA-II (Deb et al., 2002): NSGA-II is a widely used dominance-based MOEA.
In NSGA-II, a fast nondominated sorting operation is applied on the population.
Each individual in the population is assigned to a nondominated rank. Solutions
are first selected into the next generation based their nondominated rank until
the number of solutions is equal to or greater than the population size. Then,
crowding distance is applied to select the rest of the solutions to be included.

2. MOEA/D (Zhang and Li, 2007): MOEA/D is a representative of decomposition-
based MOEAs. In MOEA/D, a multiobjective optimization problem is decom-
posed into a number of scalar optimization subproblems, and these subproblems
are optimized simultaneously in a cooperative way.

3. NSGA-III (Deb and Jain, 2014; Jain and Deb, 2014): NSGA-III is an improved ver-
sion of NSGA-II. It overcomes the drawbacks of NSGA-II for solving problems
with more than 3 objectives. In NSGA-III, a set of uniformly distributed weight
vectors is used to generate niches, associate, and select elite individuals.
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4. MOEA/DD (Li et al., 2015): MOEA/DD is a unified paradigm that combines
dominance- and decomposition-based approaches for many-objective optimiza-
tion. It exploits the merits of both dominance- and decomposition-based ap-
proaches to balance the convergence and diversity of populations during the
evolutionary process.

The source codes of the proposed test problems, DAS-CMOP1-9 and DAS-
CMaOP1-9, and the tested algorithms can be found at the following URL: http://
imagelab.stu.edu.cn/Content.aspx?type=content&Content_ID=1310.

The detailed parameters of the algorithms are summarized as follows.

1. Setting for reproduction operators: The mutation probability Pm = 1/n (n is the
number of decision variables). For the polynomial mutation operator, the distri-
bution index is set to 20. For the simulated binary crossover (SBX) operator, the
distribution index is set to 20 for DAS-CMOP1-9, and 30 for DAS-CMaOP1-9.
The rate of crossover CR = 0.9.

2. Population size: For DAS-CMOP1-9, N = 300. For 5-objective DAS-CMaOP1-9,
N = 210, for 8-objective DAS-CMaOP1-9, N = 156, and for 10-objective DAS-
CMaOP1-9, N = 275 (Deb and Jain, 2014).

3. Number of runs and stopping condition: For DAS-CMOP1-9, each algorithm
runs 30 times independently on each test problem, for each of sixteen differ-
ent difficulty triplets. The maximum number of function evaluations is 300,000
for DAS-CMOP1-9. For DAS-CMaOP1-9, each algorithm runs 20 times indepen-
dently on each test problem, for each of twelve different difficulty triplets. For 5-,
8-, and 10-objective DAS-CMaOP1-9, the maximum numbers of function evalu-
ations are 400,000, 500,000, and 600,000, respectively.

4. Neighborhood size: T = 
0.1N�.

5. Probability of selecting individuals from its neighborhood: δ = 0.9.

6. The maximal number of solutions replaced by a child: nr = 2.

7.3 Performance Metrics

To measure the performance of MOEA/D-CDP and NSGA-II-CDP on DAS-CMOP1-9
with different difficulty triplets, four different performance metrics are adopted, which
are defined as follows.

• Inverted Generational Distance (IGD) (Coello and Cortés, 2005):

The IGD metric simultaneously reflects the performance of convergence and diversity,
and is defined as follows:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

IGD(P ∗, A) =
∑

y∗∈P ∗ d(y∗, A)

|P ∗|

d(y∗, A) = min
y∈A

⎧⎪⎨
⎪⎩

√√√√ m∑
i=1

(y∗
i − yi )

2
⎫⎪⎬
⎪⎭ ,

(9)

where P ∗ is the ideal PF set, A is an approximate PF set achieved by an algorithm, and
m represents the number of objectives. It is worth noting that smaller values of IGD
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represent better performance with respect to both diversity and convergence. To con-
struct P ∗, uniform sampling is performed on the unconstrained PF and constraint
boundaries. For 2- and 3-objective problems, 1000 and 10000 points are sampled. Then,
nondominated sorting is used to select feasible and nondominated solutions to con-
struct P ∗. For problems with more than 3 objectives, a huge number of uniformly dis-
tributed points along the PF would be required to calculate the IGD in a reliable manner
(Ishibuchi et al., 2015). In this case, only the hypervolume metric is employed to evalu-
ate the performance of the compared algorithms (Yuan et al., 2016).

• Hypervolume (HV) (Zitzler and Thiele, 1999):

HV reflects the closeness of the set of nondominated solutions achieved by a CMOEA
to the true PF. A larger HV means that the corresponding nondominated set is closer to
the true PF.

HV(S) = VOL

(⋃
x∈S

[f1(x), zr
1] × . . . [fm(x), zr

m]

)
, (10)

where VOL(·) denotes the Lebesgue measure, m is the number of objectives, and zr =
(zr

1, . . . , z
r
m)T is a user-defined reference point in the objective space. For each DAS-

CMaOP, the reference point zr is set to (3.0, . . . , 2.0 × m + 1.0)T . For DAS-CMaOPs with
5 and 8 objectives, we adopt the WFG algorithm of While et al. (2012) to calculate the
exact HV. The presented HV values are all normalized to [0, 1] by dividing them by
z = ∏m

i=1 zr
i . For DAS-CMaOPs with 10 objectives, a Monte Carlo sampling is applied

to approximate the HV, and the sampling size is set to 100000.

• Coverage (C-metric):

Let A and B be two approximation sets obtained by two different algorithms. C(A,B )
defines the fraction of solutions in B that are dominated by at least one solution in A

(Zitzler et al., 2003).

C(A,B ) = |{u ∈ B | ∃ν ∈ A : ν ≺ u}|
|B| . (11)

C(A,B ) = 1 means that each solution in B is dominated by at least one solution in A,
while C(A,B ) = 0 indicates that no solutions in B are dominated by solutions in A.

• Spacing (Sp):

Sp is designed to measure how evenly the solutions of an approximation set are dis-
tributed. The definition of Sp is as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Sp(A) =
√

1
|A| − 1

∑
x∈A

(d̄ − dx )2

dx =
x∗∈A

min
x∗ �=x

{
m∑

i=1

|fi (x) − fi (x∗)|
}

d̄ = 1
|A|

∑
x∈A

dx.

(12)

Sp = 0 means that all solutions of the approximation set are equidistantly spaced.
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It is worth noting that only feasible solutions are employed to calculate IGD, HV,
C-metric, and Sp values. When dealing with equality constraints, we usually convert
the equality constraints into inequality constraints by introducing an extremely small
positive number ε as follows (Ullah et al., 2012).

hj (x)
′ ≡ ε − |hj (x)| ≥ 0, (13)

where hj (x) is an equality constraint, and hj (x)
′
is an inequality constraint transformed

from hj (x). Here ε is set to 1e − 6. If a solution satisfies Eq. (13), it is considered to be a
feasible solution. Otherwise, it is infeasible.

7.4 Performance Comparisons on DAS-CMOPs

Table 4 presents the statistics on IGD, C-metric and spacing values for MOEA/D-
CDP and NSGA-II-CDP on DAS-CMOP1-5 with sixteen different difficulty triplets as
shown in Table 3. We can see that for DAS-CMOP1 and DAS-CMOP2 with simultane-
ous diversity-, feasibility-, and convergence-hardness—that is, the difficulty triplets are
(0.25, 0.25, 0.25), (0.5, 0.5, 0.5), and (0.75, 0.75, 0.75)—NSGA-II-CDP is significantly better
than MOEA/D-CDP in IGD values. For DAS-CMOP1 and DAS-CMOP2 with a single
difficulty level, MOEA/D-CDP is significantly better than NSGA-II-CDP in most cases.
For DAS-CMOP1 and DAS-CMOP2 with equality constraints—that is, the difficulty
triplets are (0.0, 1.0, 0.0), (0.5, 1.0, 0.0), (0.0, 1.0, 0.5), and (0.5, 1.0, 0.5)—NSGA-II-CDP is
better or significantly better than MOEA/D-CDP in IGD values.

For DAS-CMOP3 with equality constraints, NSGA-II-CDP is better or significantly
better than MOEA/D-CDP in IGD values, and for DAS-CMOP3 with the remainder of
the difficulty triplets, MOEA/D is significantly better than NSGA-II-CDP except for
the case with the difficulty triplet (0.5, 0.5, 0.5). For DAS-CMOP4 with equality con-
straints, MOEA/D-CDP is significantly better than NSGA-II-CDP in IGD values. For
DAS-CMOP4 with diversity-hardness—that is, the difficulty triplets are (0.25, 0.0, 0.0),
(0.5, 0.0, 0.0), and (0.75, 0.0, 0.0)—NSGA-II-CDP is significantly better than MOEA/D-
CDP in IGD values.

For DAS-CMOP5 with convergence-hardness—that is, the difficulty triplets are
(0.0, 0.0, 0.25), (0.0, 0.0, 0.5), and (0.0, 0.0, 0.75)—MOEA/D-CDP is significantly better
than NSGA-II-CDP in IGD values. For DAS-CMOP5 with the rest of the difficulty
triplets, NSGA-II-CDP is significantly better than MOEA/D-CDP in most cases in IGD
values.

In terms of C-metric values, NSGA-II-CDP and MOEA/D-CDP perform almost the
same on DAS-CMOP1-4. For DAS-CMOP5, MOEA/D-CDP is significantly better than
NSGA-II-CDP in C-metric values. In terms of spacing values, NSGA-II-CDP is better or
significantly better than MOEA/D-CDP on DAS-CMOP1-5 in most cases.

Table 5 shows the statistics on IGD, C-metric and spacing values for MOEA/D-CDP
and NSGA-II-CDP on DAS-CMOP6-9 with sixteen different difficulty triplets as shown
in Table 3. We can see that for DAS-CMOP6 with convergence-hardness, MOEA/D-
CDP is significantly better than NSGA-II-CDP in IGD values. For DAS-CMOP6 with
diversity-hardness, NSGA-II-CDP is better or significantly better than MOEA/D-CDP
in IGD values.

For DAS-CMOP7 and DAS-CMOP8 with equality constraints—that is, the difficulty
triplets are (0.0, 1.0, 0.0), (0.5, 1.0, 0.0), (0.0, 1.0, 0.5), and (0.5, 1.0, 0.5)—MOEA/D-CDP is
better or significantly better than NSGA-II-CDP in IGD values. For DAS-CMOP7 and
DAS-CMOP8 with the rest of difficulty triplets, NSGA-II-CDP is significantly better
than MOEA/D-CDP in most cases. For DAS-CMOP9 with equality constraints, NSGA-
II-CDP is better or significantly better than MOEA/D-CDP except for the case with the
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Figure 7: The feasible and nondominated solutions with the median IGD values in 30
independent runs by using MOEA/D-CDP and NSGA-II-CDP on DAS-CMOP1-3 and
DAS-CMOP6 with different difficulty triplets. (a)–(f) show the populations achieved by
MOEA/D-CDP and NSGA-II-CDP on DAS-CMOPs with convergence-hardness. (g)–(l)
show the populations achieved by MOEA/D-CDP and NSGA-II-CDP on DAS-CMOPs
with simultaneous diversity-, feasibility-, and convergence-hardness.

difficult triplet (0.0, 1.0, 0.0) in IGD values. For DAS-CMOP9 with the other difficulty
triplets, MOEA/D-CDP is better or significantly better than MOEA/D-CDP in IGD
values.

In terms of C-metric values, MOEA/D-CDP is better or significantly better than
NSGA-II-CDP on DAS-CMOP6-9 in most cases. In terms of spacing values, NSGA-II-
CDP is better or significantly better than MOEA/D-CDP on DAS-CMOP7-9 in most
cases.

Figure 7 shows the feasible and nondominated solutions with the median IGD val-
ues in 30 independent runs made using MOEA/D-CDP and NSGA-II-CDP on DAS-
CMOP1-3 and DAS-CMOP6 with different difficulty triplets. We can see that MOEA/
D-CDP is more suitable for solving convergence-hard DAS-CMOPs, whereas NSGA-II-
CDP is more suitable for solving DAS-CMOPs with simultaneous diversity-, feasibility-,
and convergence-hardness.

7.5 Performance Comparisons on DAS-CMaOPs

Table 6 presents the statistics on HV values for C-MOEA/DD and C-NSGA-III on 5-,
8-, and 10-objective DAS-CMaOP1-6 with the first twelve difficulty triplets in Ta-
ble 3. We can see that for 5- and 8-objective DAS-CMaOP1 with feasibility-hardness,
C-NSGA-III is significantly better than C-MOEA/DD. For 5-objective DAS-CMaOP1
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with diversity-hardness, C-MOEA/DD is significantly better than C-NSGA-III except
for the case with the difficulty triplet (0.25, 0.0, 0.0). For 8-objective DAS-CMaOP1
with diversity-hardness, C-MOEA/DD is significantly better than C-NSGA-III. For 10-
objective DAS-CMaOP1, C-NSGA-III is significantly better than C-MOEA/DD in most
cases.

For 5-objective DAS-CMaOP2 with each difficulty level less than 0.5, C-NSGA-
III is better or significantly better than C-MOEA/DD. For 5-objective DAS-CMaOP2
with the remainder of the difficulty triplets, C-MOEA/DD is better or significantly
better than C-NSGA-III except for the cases with difficulty triplets (0.5, 0.0, 0.0) and
(0.0, 0.75, 0.0). For 8-objective DAS-CMaOP2, C-NSGA-III is significantly better than
C-MOEA/DD in most cases. For 10-objective DAS-CMaOP2 with feasibility-hardness,
C-NSGA-III is significantly better than C-MOEA/DD. For 5-objective DAS-CMaOP3,
C-NSGA-III is significantly better than C-MOEA/DD in most cases. For 8- and 10-
objective DAS-CMaOP3 with diversity-hardness, C-NSGA-III is also significantly better
than C-MOEA/DD.

For 5-, 8-, and 10-objective DAS-CMaOP4 and DAS-CMaOP5, C-NSGA-III is signifi-
cantly better than C-MOEA/DD in most cases in HV values, and C-MOEA/DD is signif-
icantly better than C-NSGA-III in the case with the difficulty triplet (0.75, 0.75, 0.75). For
5-objective DAS-CMaOP6 with feasibility-hardness, C-NSGA-III is significantly better
than C-MOEA/DD, and for 5-objective DAS-CMaOP6 with the remaining difficulty
triplets, C-MOEA/DD is better or significantly better than C-NSGA-III. For 8- and
10-objective DAS-CMaOP6 with difficulty triplets (0.0, 0.0, 0.75) and (0.75, 0.75, 0.75),
C-MOEA/DD is significantly better than C-NSGA-III. For 8- and 10-objective DAS-
CMaOP6 with the remaining difficulty triplets, C-NSGA-III is significantly better than
C-MOEA/DD.

Table 7 presents the statistics on HV values for C-MOEA/DD and C-NSGA-III on
5-, 8-, and 10-objective DAS-CMaOP6-9 with the first twelve difficulty triplets in Table
3. We can see that for 5-, 8-, and 10-objective DAS-CMaOP7 with feasibility-hardness,
C-NSGA-III is significantly better than C-MOEA/DD. For 5-objective DAS-CMaOP7
with simultaneous diversity-, feasibility-, and convergence-hardness—that is, the dif-
ficulty triplets are (0.25, 0.25, 0.25), (0.5, 0.5, 0.5), (0.75, 0.75, 0.75)—C-MOEA/DD is sig-
nificantly better than C-NSGA-III. For 8- and 10-objective DAS-CMaOP7 with difficulty
triplets (0.0, 0.0, 0.75) and (0.75, 0.75, 0.75), C-MOEA/DD is significantly better than
C-NSGA-III.

For 5-objective DAS-CMaOP8, C-MOEA/DD is significantly better than C-NSGA-
III in most cases in HV values. For 8- and 10-objective DAS-CMaOP8, C-NSGA-III is
significantly better than C-MOEA/DD in most cases. For 8- and 10-objective DAS-
CMaOP8 with difficulty triplets (0.0, 0.0, 0.75) and (0.75, 0.75, 0.75), C-MOEA/DD is
significantly better than C-NSGA-III.

For 5-objective DAS-CMaOP9 with diversity-hardness, C-NSGA-III is signifi-
cantly better than C-MOEA/DD, and for 5-objective DAS-CMaOP9 with convergence-
hardness, C-MOEA/DD is better or significantly better than C-NSGA-III. For 8- and
10-objective DAS-CMaOP9, C-NSGA-III is significantly better than C-MOEA/DD in
most cases. For 8- and 10-objective DAS-CMaOP9 with difficulty triplets (0.0, 0.0, 0.75)
and (0.75, 0.75, 0.75), C-MOEA/DD is significantly better than C-NSGA-III.

Figure 8 shows the median HV values of the feasible and nondominated solutions
in 20 independent runs by using C-MOEA/DD and C-NSGA-III on DAS-CMaOP1-3,
DAS-CMaOP5, and DAS-CMaOP8 with different difficulty triplets. We can see that ac-
cording to the HV measure, C-NSGA-III is more suitable for solving feasibility-hard
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Figure 8: Parallel coordinate plots of the feasible and nondominated solutions with
the median HV values in 20 independent runs using C-MOEA/DD and C-NSGA-
III on DAS-CMaOP1-3, DAS-CMaOP5 and DAS-CMaOP8 with different difficulty
triplets. (a)–(f) show the populations achieved by C-MOEA/DD and C-NSGA-III on
DAS-CMaOPs with feasibility-hardness. (g)–(l) show the populations achieved by C-
MOEA/DD and C-NSGA-III on DAS-CMOPs with convergence-hardness. It is worth
noting that no feasible solutions have been found in (c) and (l).

DAS-CMaOPs, while C-MOEA/DD is more suitable for solving convergence-hard
DAS-CMaOPs.

7.6 Analysis of Experimental Results

From the above performance comparisons on DAS-CMOP1-9 and DAS-CMaOP1-9 with
a set of difficulty triplets, it is clear that each type of constraint function generated corre-
sponding difficulties for MOEA/D-CDP, NSGA-II-CDP, C-MOEA/DD, and C-NSGA-
III. With the increase of each value in the difficulty triplet, the problems became more
and more difficult for MOEA/D-CDP, NSGA-II-CDP, C-MOEA/DD, and C-NSGA-III
to solve.

Furthermore, it can be concluded that NSGA-II-CDP performed better than
MOEA/D-CDP on most of the DAS-CMOPs with simultaneous diversity-, feasibility-,
and convergence-hardness. MOEA/D-CDP performed better than NSGA-II-CDP on
most of the convergence-hard DAS-CMOPs. C-NSGA-III performed better than C-
MOEA/DD on most DAS-CMaOPs with feasibility-hardness. C-MOEA/DD was sig-
nificantly better than C-NSGA-III on most of the convergence-hard DAS-CMaOPs.
Therefore, through comprehensive and systematic experiments, it is revealed that
mechanisms of MOEA/D-CDP may be more effective in solving convergence-hard
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CMOPs, while mechanisms of NSGA-II-CDP may be more effective in solving CMOPs
with simultaneous diversity-, feasibility-, and convergence-hardness. It is also re-
vealed that mechanisms in C-NSGA-III may be more effective in solving feasibility-
hard CMaOPs, while mechanisms of C-MOEA/DD may be more effective in solving
CMaOPs with convergence-hardness.

8 Conclusion

In this work, we proposed a construction toolkit to build difficulty adjustable and scal-
able CMOPs. The method used to design the construction toolkit is based on three pri-
mary constraint functions identified to correspond to three primary difficulty types of
DAS-CMOPs. The method is also scalable, because both the number of objectives and
the number of constraints can be conveniently extended. As an example, a set of DAS-
CMOPs (DAS-CMOP1-9) and a set of DAS-CMaOPs (DAS-CMaOP1-9) were generated
using this construction toolkit. To verify the usefulness of the suggested test instances,
comprehensive experiments were conducted to test the performance of two popular
CMOEAs (MOEA/D-CDP and NSGA-II-CDP) on DAS-CMOPs and two CMaOEAs
(C-MOEA/DD and C-NSGA-III) on DAS-CMaOPs with a variety of difficulty triplets.
Through analyzing the performance of the four test algorithms, it was found that the
three primary types of difficulties did exist in the corresponding test problems, and that
the algorithms under test showed different behaviors in their approaches to the PFs.
The observation demonstrates that the proposed method of constructing the CMOPs
and CMaOPs is very effective and that the resulting functions are useful in evaluating
the performance of CMOEAs and CMaOEAs. In the future, we will construct problems
with both continuous and discrete decision variables to study their impact on the defi-
nition of difficulty types and levels of the optimization problems. In other future work,
we will investigate the change in difficulty levels with an increasing number of vari-
ables, and test the performance of push and pull search algorithm (Fan et al., 2019) on
CMOPs with a large number of variables.
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