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Abstract—In this paper, a multi-phase strategy for dynamic
resource allocation is proposed for some special optimization
problems where the evolutionary process cannot be explic-
itly divided into two phases, under the decomposition-based
multiobjective evolutionary optimization framework. Based on
the evolutionary status, a switching mechanism is adopted to
adaptively use either convergence or diversity information in the
external archive, to guide the evolutionary search in the working
population. The proposed algorithm is compared with six well-
known multiobjective evolutionary algorithms on multiobjective
travelling salesman problem (MOTSP). Experimental results
show that our proposed algorithm performs better than other
compared algorithms.

I. INTRODUCTION

In real-world applications, many optimization problems are,

by nature, multiobjective, where the objectives are usually

conflicting with each other. Different from a single objective

optimization problem where a single optimal solution exists,

multiobjective optimization problems (MOPs) aim to obtain

a set of Pareto-optimal solutions, which represent the best

tradeoff candidate solutions. The Pareto-optimal solutions can

be very helpful for decision makers to understand the trade-

off relationship among different objectives and choose their

preferred solutions. Over the past decades, multiobjective evo-

lutionary algorithms (MOEAs) have been widely recognized

as a major methodology to approximate the Pareto-optimal

solutions [1], [2], [3].

Selection, which plays a key role in the performance of

MOEAs, is desirable to balance between the distance of

solutions towards the Pareto-optimal solutions and the uniform

spread of solutions [4], [5]. The former is usually called

convergence and latter is called diversity in the field of

MOEAs.

Based on different selection mechanisms, MOEAs can

be further divided into the domination-based (e.g., [6],

[7], [8]), the indicator-based (e.g., [9], [10], [11]) and the

decomposition-based MOEAs (e.g., [12], [13], [14], [15]).

Among all the MOEAs, multiobjective evolutionary algorithm

based on decomposition (MOEA/D) [13], which can be regard-

ed as a generalization of cMOGA [16], becomes a representa-

tive of decomposition-based MOEAs. MOEA/D decomposes

a MOP into a set of single-objective (or simple multiobjective)

subproblems, by aggregating all the objectives with different

linear or nonlinear weighted aggregation functions and solves

all the subproblems in parallel. In MOEA/D, each solution

is associated with a subproblem, and two subproblems are

called neighbors if their weight vectors are close to each other.

By using information from the neighboring subproblems,

MOEA/D is able to conduct more effective search [13]. The

diversity of MOEA/D is implicitly achieved by specifying a

wide spread of the directions in the objective space.

A considerable number of MOEA/D variants have been

proposed to improve MOEA/D in various aspects (e.g., [17],

[18], [19], [20], [21], [22], [23], [24]). For example, it has

been observed in the experiments that some parts of the PF in

a MOP can be more difficult to approximate than others [17],

[25], [26]. Therefore, it is necessary to provide different com-

putational resources to different subproblems during the opti-

mization process. Under this circumstance, Zhang et.al. [17]

proposed MOEA/D-DRA, where a dynamic resource allo-

cation strategy based on the utility function (convergence

information) is adopted for allocating different computational

resources to different subproblems. Similar to MOEA/D-DRA,

Zhou et.al. [26] proposed a generalized resource allocation

(GRA) strategy for dynamic resource allocation for MOEA/D.

Each subproblem is selected to invest according to a prob-

ability of improvement vector, maintained and updated by

an offline/online measurements of the subproblems’ hardness.

In [19], [27], both of a decomposition-based working popu-

lation and a domination-based external population are used.

The proposed algorithm, called EAG-MOEA/D [19] allocates

different computational resources to different subproblems

based on the both the convergence and diversity information

extracted from the external archive, to guide the search in

the working population. Very recently, an extension of EAG-
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MOEA/D, two-phase external archive guided multiobjective

evolutionary algorithm (2EAG-MOEA/D) [27] was proposed.

Different from EAG-MOEA/D, the evolutionary process is

explicitly divided into two phases: convergence and diversity

phase. 2EAG-MOEA/D utilizes either convergence or diversity

information, depending on the evolutionary status.

Based on our recent experimental studies, for some special

MOPs, e.g., multiobjective travelling salesman problem (MOT-

SP), the evolutionary status cannot explicitly be divided into

two phases. Therefore, it is natural to extend the evolution-

ary statuses into multiple phases. In this paper, we propose

a multi-phase adaptively guided multiobjective evolutionary

algorithm based on decomposition (AG-MOEA/D). Differ-

ent from EAG-MOEA/D or 2EAG-MOEA/D, AG-MOEA/D

adaptively switches between using convergence or diversity

information to guide the search in MOEA/D. The experimental

studies have shown that AG-MOEA/D outperforms both EAG-

MOEA/D and 2EAG-MOEA/D in the MOTSP instances.

The rest of the paper is organized as follows. Section II

explains the background knowledge and motivations of AG-

MOEA/D. Section III details the procedures of AG-MOEA/D.

Experimental studies and discussions are presented in Sec-

tion IV and V, where we compare AG-MOEA/D with two

classical MOEAs, NSGA-II [8], MOEA/D [13], and four state-

of-the-art MOEAs, MOEA/D-DRA [17], MOEA/D-GRA [26],

EAG-MOEA/D [19] and 2EAG-MOEA/D [27]. Finally, Sec-

tion VI concludes the paper.

II. BACKGROUNDS AND MOTIVATIONS

A. Multiobjective optimization problem

A multiobjective optimization problem (MOP) can be de-

fined as follows:

minimize F (x) = (f1(x), . . . , fm(x)) (1)

subject to x ∈ Ω.

where x = (x1, x2, . . . , xn) is a n-dimensional decision

variable, and Ω is the decision space; F : Ω → Rm consists of

m objective functions, mapping decision space Ω to objective

space Rm.

Definition 1: u is said to dominate v, denoted by u � v, if

and only if ui ≤ vi for every i ∈ {1, . . . ,m} and uj < vj for

at least one index j ∈ {1, . . . ,m}.

Definition 2: A solution x∗ ∈ Ω is Pareto-optimal if there

is no other solution in Ω can dominate it.

Definition 3: The set of all the Pareto-optimal solutions is

called the Pareto set (PS).

Definition 4: The set of all the Pareto-optimal objective

vectors is the Pareto front (PF).

B. Motivation

2EAG-MOEA/D, which explicitly divides the evolutionary

process into the (first) convergence phase and (second) di-

versity phase, is proposed in [27]. At the beginning, only

the convergence information is used to guide the search in

the working population. A utility, the relative decrease of the

500 1000 1500 2000 2500 3000 3500 4000
500

1000

1500

2000

2500

3000

3500

4000

4500

f1

f2

tsp100

 

 

FEs:40000

FEs:400000

Fig. 1: The non-dominated solutions obtained by 2EAG-

MOEA/D on c − 100/o − 2 instance at (a) 40,000FEs, (b)

400,000FEs.

scalarizing function value for each subproblem over the past

learning period, is used to determine the activation of the

switch from convergence to diversity phase. Once the utility

becomes less than a preset value, the algorithm considers that

the evolutionary process steps into the diversity phase and

diversity information is used to guide the search. Obviously,

an underlying assumption in 2EAG-MOEA/D is that the

convergence is much more important at the first stage; while

the diversity is much more important at the second stage.
2EAG-MOEA/D has shown its advantages in problems,

such as multiobjective software next release problem [27].

However, for some other problems, such as MOTSP, we find it

is not reasonable to divide the evolutionary status into just two

phases. Fig. 1 shows the non-dominated solutions obtained by

2EAG-MOEA/D at 40,000 and 400,000 function evaluations

(FEs) respectively on a MOTSP instance. After 40,000 FEs,

2EAG-MOEA/D assumes the evolutionary process is already

in the last diversity phase. However, the population keeps

converging and spreading until 400,000 FEs, which indicates

both convergence and diversity play an equally important role

from 40,000 to 400,000 FEs.
Based on the observations in Fig. 1, we propose a multi-

phase MOEA, which divides the evolutionary status into

multiple phases. In other words, the proposed algorithm is able

to switch between convergence and diversity phase multiple

times and uses the corresponding information to guide the

search in MOEA/D.

III. THE PROPOSED ALGORITHM

The proposed algorithm, multi-phase adaptively guided mul-

tiobjective evolutionary algorithm (AG-MOEA/D), is based on

MOEA/D-DE. Several approaches can be used for decompo-

sition [28]. Weighted sum approach is used for simplicity, as

follows.

gws(x|λi) =

m∑
j=1

λi
jfj(x), (2)
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where λi = (λi
1, . . . , λ

i
m) is the weight vector of the i-th

subproblems, and f(x) = (f i
1(x), . . . , f

i
m(x)) is the objective

vector of the solution x.

The algorithm flow is given as follows:

Input:
1) A working population P ;

2) An external population A;

3) N : the number of subproblems; the population size

of P or A;

4) λ1, . . . , λN : a set of of N weight vectors;

5) T : the size of the neighborhood of each subproblem;

6) nr: the maximal number of solutions replaced by each

child solution;

7) δ: the probability that parent solutions are selected

from the neighborhood;

8) LG: learning generations;

9) phase: 0 represents the convergence phase and 1

represents the diversity phase;

Output: A set of non-dominated solutions;

Step 1: Initialization:
Step 1.1 For each i = 1, . . . , N , select the neighbors

for i-th subproblem based on the Euclidean distance.

Set B(i) = {i1, . . . , iT }, where λi1 , . . . , λiT are the T
closest weight vectors to λi.

Step 1.2 Generate an initial population P :
{x1, . . . , xN} randomly, and make A = P .

Step 1.3 Set gen = 0.

Step 2: Reproduction:
Step 2.1 Set j = 1.

Step 2.2 Select i-th subproblem based on the probability

pro by using Roulette wheel selection.

Step 2.3 Obtain the neighboring solutions as the mating

pool for i-th subproblem:

R(j) =

{
B(i) if(rand < δ),
1 . . . , N otherwise.

(3)

Step 2.4 Select two indexes k and l from R(j) randomly.

Step 2.5 Generate a new solution yj for i-th subproblem

from xk and xl by the position based crossover opera-

tors [29] and exchange mutation operators [29].

Step 2.6 j = j + 1.

Step 2.7 If j > N , go to Step 3; otherwise go to Step
2.2.

Step 3: Updating solutions:
Step 3.1 For each j ∈ {1, . . . , N}, do the following:

1) Set q = 0;

2) If q = nr or R(j) is empty, go to Step 3.2.

3) Randomly pick an index m from R(j), set xm =

yj if gws(yj |λm) ≤ gws(xm|λm).
4) Remove index m from R(j) and go to 2).

Step 3.2 C = {y1, . . . , yN}⋃A.

Step 3.3 (F1, F2, . . . ) =non-dominated sorting(C) [8].

Step 3.4 Set A = ∅, t = 1, do the following:

1) If |A⋃
Ft| > N , go to Step 3.5.

2) A = A
⋃
Ft, t = t+ 1 and go to 1).

Step 3.5 If |A| = N , go to Step 4; otherwise do the

following:

1) Calculate the minimum distance for each solution

in Ft to A.

2) The solution in Ft with the maximum distance is

moved from Ft to A.

3) If |A| = N , go to Step 4; otherwise go to 1).

Step 4: Calculating subproblem-selection-probability:
Step 4.1 For each subproblem i ∈ {1, . . . , N}, calculate

the convergence information coni,gen.

Step 4.2 For each subproblem i ∈ {1, . . . , N}, calculate

the diversity information divi,gen.

Step 4.3 According to (4) or (5), if Δu > 0.005 or

Δn �= 0, set phase = 0; otherwise set phase = 1.

Step 4.4 If phase = 0, calculate pro based on (6)(7);

else, calculate pro based on (6)(8).

Step 4.5 gen = gen+ 1;

Step 5: Termination:
Step 5.1 If stopping criteria are satisfied, terminate the

algorithm and output A. Otherwise, go to Step 2.

More details of Steps 1-4 are given as follows:

A. Initialization

Each weight vector λi in (λ1, . . . , λN ) takes values from

{ 0

H
,
1

H
, . . . ,

H

H
}.

where H is a user-defined parameter,
∑m

j=1 λ
i
j = 1, m is the

number of the objectives. The number of the weight vectors

N is determined by H and m (N = Cm−1
H+m−1). In this paper

H is set to be 99 for 2-objective the instance and 13 for 2-

objective the instance. Each weight vector has a neighborhood

which consists of T nearest weight vectors.

The initial working population P = {x1, . . . , xN} is

randomly sampled from the decision space. The external

population A is initialized with P .

B. Reproduction

The position based crossover operators [29] and exchange

mutation operators [29] are used as the reproduction operators.

A total number of N solutions, Y = {y1, . . . , yN} are

generated.

C. Updating solutions

The working population is updated in Step 3.1. Each new

solution at most replaces its nr neighboring solutions. Step

3.2-3.5 is used to update the external archive. The non-

dominated sorting [8] and Lp-norm-based distance [30] is

adopted to be the select promising solutions form the com-

bined population. In this paper p is set to be 1/m, where m
is the number of objectives.
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D. Calculating subproblem-selection-probability

In Step 4.1, the number of successful solutions for i-th
subproblem at gen-th generation coni,gen is calculated as

the convergence information. Note that a solution is called

successful if it dominates at least one solution in the external

archive and it keeps in the external archive at the end of

the gen-th generation. In Step 4.2, divi,j,gen is defined as

the minimum Lp-norm (p = 1/m) of the j-th solution in

the external archive generated by the i-th subproblem to

all the other solutions in the external archive, at the gen-

th generation; and divi,gen, which indicates the average of

divi,j,gen, is considered as the diversity information.

AG-MOEA/D adopts either one of the following two mech-

anisms to determine whether the evolution is in the conver-

gence or diversity phase. One mechanism, termed WP, is based

on the convergence information extracted from the working

population and the other one, termed EA, is based on the

convergence information from the external archive.

The former mechanism uses the average of the utility

values for all the subproblems (Δu) to determine whether the

evolution is in the convergence phase as follows.

Δu =
1

N

N∑
i=1

gws(ti,old|λi)− gws(ti,new|λi)

gws(ti,old|λi)
(4)

In (4), ti,old is the best solution for i-th subproblem in

(gen − LG + 1)-th generation and ti,new is the current best

solution for i-th subproblem. If the utility value is greater than

a preset value (0.005), the evolution is considered to be in

the convergence phase; otherwise it is considered to be in the

diversity phase.

Alternatively, the latter mechanism uses the convergence

information extracted from the external archive (Δn) to de-

termine whether the evolution is in the convergence phase.

More specifically, Δn is defined as the sum of coni,gen for all

the subproblems over the last LG generations. Once Δn �= 0,

the evolution is considered to be in the convergence phase;

otherwise, it is in the diversity phase.

Δn =

gen∑
G=gen−LG+1

N∑
i=1

coni,G (5)

For convenience, AG-MOEA/D with the former mechanism

is called AG-MOEA/D (WP) and AG-MOEA/D with the latter

mechanism is called AG-MOEA/D (EA).

The subproblem-selection-probability-vector pro is updated

as follows:

proi,gen =
Di,gen∑N
i=1 Di,gen

, (i = 1, 2, . . . , N, gen ≥ LG). (6)

In the convergence phase, Di,gen above is defined as follows:

Di,gen =

∑gen
G=gen−LG+1 coni,G∑N

i=1

∑gen
G=gen−LG+1 coni,G

+ ε. (7)

ε = 0.005 is used to avoid that the probabilities of any

subproblems are zeros. Apparently the subproblems, produced

more successful solutions before, have more opportunity to ob-

tain new solutions; In the diversity phase, Di,gen is calculated

as (8).

Di,gen =

∑gen
G=gen−LG+1 divi,G∑N

i=1

∑gen
G=gen−LG+1 divi,G

+ ε. (8)

IV. EXPERIMENTAL STUDIES

A. Test problems

We consider one of the NP-hard combinatorial problems–

multiobjective travelling salesman problem (MOTSP). Given

a network L = (V,C),where V = v1, v2, . . . , vn represents

a set of n cities and C = ck : k ∈ 1, 2, . . . ,m is formed by

m distance/cost matrices between cities (ck : V × V ). In this

paper, the m distance/cost matrices are uncorrelated to each

other. Each solution is a sequence of cities e which can form

a Hamiltonian cycle. The i-th objective in the MOTSP is to

minimize:

fi(x) =
n∑

j=1

ci(e(j), e(j + 1)) (9)

A MOTSP with n cities and m objectives is recorded as

c − n/o − m in this paper. We consider 7 test instances of

MTSP with two objectives, which include c− 100/o− 2, c−
200/o − 2, c − 300/o − 2, c − 400/o − 2, c − 500/o − 2,

c− 600/o− 2, c− 700/o− 2, and 2 test instances with three

objectives c− 100/o− 3 and c− 200/o− 3.

B. Performance Metrics

The following performance metrics are used in this paper:
1) Hypervolume indicator: The Hypervolume metric

(HV)[31] is a popular indicator due to good theoretical proper-

ties, calculating the volume of the region between the obtained

approximation P and a reference point y∗ = (y∗1 , . . . , y
∗
m) in

the objective space as follows:

IH(P, y∗) = volume(
⋃
f∈P

[f1, y
∗
1 ]× . . . [fm, y∗m]) (10)

The higher the hypervolume, the better the approximation. In

our experiments, we set y∗ = 1.1 ∗ (fmax
1 , fmax

2 ) for MTSP

test instances, where fmax
i is the maximum value of the i-th

objective in the obtained solutions.
2) Inverted Generational Distance: Inverted Generational

Distance (IGD) [32] is used to reflect how close the obtained

solutions to the true Pareto Front, measuring the average

distance from the true Pareto front to the closest solutions in

the obtained solutions. Let P ∗ be a set of uniformly distributed

points along the PF and P be the obtained set. It can be

calculated as follows.

IGD(P, P ∗) =
1

|P ∗|
∑
v∈P∗

dist(v, P ) (11)

where dist(∗, ∗) is the Euclidean distance. The lower the

IGD, the better the approximation. Note that the ture PF of

the MTSP is unknown. So we use all non-dominated solutions

obtained by all the algorithms in all runs to be the reference
Pareto front P ∗ to calculate IGD.
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Fig. 2: Examination of the influence of nr on the performance of AG-MOEA/D on two test instances. (a) c− 200/o− 2, (b)

c− 600/o− 2.

TABLE I: HV and IGD results obtained by AG-MOEA/D (WP) and AG-MOEA/D (EA) on all the test instances. The t-test

is conducted with 5% significance level. The best results for each instance are highlighted in boldface.

instance

HV t-test IGD t-test

AG- AG-
p-value

AG- AG-
p-value

MOEA/D (WP) MOEA/D (EA) MOEA/D (WP) MOEA/D (EA)

c− 100 mean 1.7771E+07 1.7951E+07
3.3573E-02

3.3481E+02 2.9507E+02
6.2472E-03

/o− 2 std 2.8571E+05 2.9598E+05 4.9695E+01 5.4226E+01

c− 200 mean 6.9154E+07 7.0701E+07
1.3391E-06

6.3838E+02 5.3539E+02
4.9286E-04

/o− 2 std 7.8285E+05 9.8755E+05 7.4420E+01 9.4672E+01

c− 300 mean 1.3932E+08 1.4487E+08
3.5577E-10

1.1348E+03 9.3871E+02
1.9194E-06

/o− 2 std 1.7769E+06 2.2003E+06 9.0623E+01 1.5364E+02

c− 400 mean 2.6454E+08 2.7852E+08
1.8292E-18

1.6430E+03 1.2214E+03
9.0144E-12

/o− 2 std 3.0717E+06 3.0352E+06 1.5177E+02 1.6246E+02

c− 500 mean 3.6592E+08 3.8854E+08
1.1864E-16

1.9776E+03 1.6351E+03
1.0235E-07

/o− 2 std 4.4427E+06 5.0861E+06 1.9225E+02 1.8985E+02

c− 600 mean 5.1802E+08 5.5336E+08
4.9536E-21

2.4743E+03 1.9378E+03
5.0741E-11

/o− 2 std 6.6235E+06 6.3168E+06 1.6064E+02 2.8287E+02

c− 700 mean 6.9384E+08 7.4071E+08
2.6838E-16

2.9737E+03 2.2867E+03
3.0324E-11

/o− 2 std 1.1512E+07 8.5340E+06 3.0821E+02 2.4396E+02

c− 100 mean 8.8016E+10 9.1375E+10
5.8874E-05

5.5227E+02 4.8105E+02
1.9053E-06

/o− 3 std 2.1205E+09 1.6523E+09 4.5283E+01 4.5309E+01

c− 200 mean 9.0385E+10 9.4116E+12
3.9835E-14

1.3127E+03 1.1386E+03
1.8443E-09

/o− 3 std 1.9343E+10 1.1374E+10 6.7410E+01 9.3513E+01

C. Experimental Setups

In this paper, seven algorithms are compared including

NSGA-II [8], MOEA/D [13], MOEA/D-DRA [17], MOEA/D-

GRA [26], EA-MOEA/D [19], EAG-MOEA/D [19] and

2EAG-MOEA/D [27]. It is worth to note that EA-MOEA/D

can be considered as AG-MOEA/D without the dynamic

resource allocation strategy. All the algorithms were imple-

mented 30 independent runs on each test instance.

The crossover probability was set as pc = 1.0(pc = 0.8 for

NSGA-II) and the mutation probability was pm = 1/n, where

n denotes the number of decision variables. Set LG = 10 for

all test problems. The neighborhood size T was 10, and the

parameter δ was set to be 0.9. We set nr = 10 for our proposed

algorithm and MOEA/D-DRA (nr = 10 is better than 1). The

algorithms stop after a predefined function evaluations. The

number of function evaluation is 400,000 for c − 100/o − 2
and c−200/o−2; 600,000 for c−300/o−2 and c−400/o−2;

800,000 for c− 500/o− 2, c− 600/o− 2 and c− 700/o− 2
and 1,500,000 for c− 100/o− 3 and c− 200/o− 3.

V. EXPERIMENTAL RESULTS

A. Influence of Parameter nr

To study the sensitivity of nr to the proposed algorithms,

we have tested the settings of nr ∈ [1, 2, 4, 6, 8, 10] on c −
200/o−2 and c−600/o−2. It can be seen from Fig. 2 that the

information from neighboring subproblems has a significant

impact on the convergence of the problems for MOTSP. AG-

MOEA/D with larger nr values works better than those with

small values.
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Fig. 3: The evolution of the median HV metric values versus the number of function evaluations on c − 400/o − 2 and

c− 100/o− 3. (a) c− 400/o− 2, (b) c− 100/o− 3.
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Fig. 4: The non-dominated solutions obtained by AG-

MOEA/D, MOEA/D and NSGA-II on c − 400/o − 2 in the

100-th generation.

B. Comparisons of WP and EA mechanisms

Table I gives the comparative results of AG-MOEA/D

(WP) and AG-MOEA/D (EA). Clearly, AG-MOEA/D (EA)

outperforms AG-MOEA/D (WP) with statistical significance

in all the test instances. The results indicate AG-MOEA/D

using EA mechanism is able to better determine the right

evolutionary phase.

C. Comparisons of AG-MOEA/D and classical algorithms

Fig. 3 presents the evolution of AG-MOEA/D, MOEA/D

and NSGA-II on c−400/o−2 and c−100/o−3, in terms of

hypervolume metric. AG-MOEA/D outperforms MOEA/D and

NSGA-II along the evolutionary process. In addition, Fig. 4

shows the solutions obtained by three algorithms in 100-th

generation, which indicates the effectiveness for the guidance

of the external archive in terms of convergence at the early

phase.

D. The Effect Of The Multi-phase Strategy

In order to verify the performance of the multi-phase

strategy, the proposed algorithm is compared with EAG-

MOEA/D [19], 2EAG-MOEA/D [27], MOEA/D-DRA [17]

and MOEA/D-GRA [26], which are all MOEA/D variants with

the dynamic allocation of computational resources. Similar to

AG-MOEA/D, EAG-MOEA/D and 2EAG-MOEA/D use infor-

mation extracted form the external archive to guide the search

of the working population. MOEA/D-DRA and MOEA/D-

GRA allocates the computational resource to different sub-

problems based on utility value of each subproblem: the im-

provement of a subproblem ui and the hybrid utility function

ui,x [26] is used as the utility value in MOEA/D-GRA. ui,x

is the combination of the improvement of i-th subproblem

and the population distribution of solution generated by i-
th subproblem in the decision space. The former is called

MOEA/D-GRAi, and the latter is called MOEA/D-GRAi,x.
Table II presents the experiment results of AG-MOEA/D,

EA-MOEA/D, EAG-MOEA/D and 2EAG-MOEA/D on all test

instances in terms of HV and IGD metrics. As can be seen

from Table II, AG-MOEA/D performs the best on all the

test instances, except for c− 400/o− 2. The comparison be-

tween AG-MOEA/D and EA-MOEA/D shows that the adopted

mechanisms have successfully guided the working population.

Compared with EAG-MOEA/D and 2EAG-MOEA/D, AG-

MOEA/D makes a better balance between convergence and

diversity in MOTSP. 2EAG-MOEA/D switches from con-

vergence phase to diversity phase only once, whereas AG-

MOEA/D switches back and forth between two phases for 24

times in our experiments at least.
Table III presents the experiment results of AG-MOEA/D,

MOEA/D-DRA, MOEA/D-GRAi and MOEA/D-GRAi,x on

MOTSP test instances. From table III, AG-MOEA/D shows

a significant advantage over other compared algorithms with
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TABLE II: HV and IGD results obtained by AG-MOEA/D, EA-MOEA/D, EAG-MOEA/D and 2EAG-MOEA/D on MOTSP

instances. † and ‡ denotes the performance of the corresponding algorithm is significantly worse than or better than that of

AG-MOEA/D according to the t-test with 5% significance level. The best results for each instance are highlighted in boldface.

instance

HV IGD

AG- EA- EAG- 2EAG- AG- EA- EAG- 2EAG-

MOEA/D MOEA/D MOEA/D MOEA/D MOEA/D MOEA/D MOEA/D MOEA/D

c− 100 mean 1.8339E+07 1.8091E+07 † 1.7835E+07 † 1.8181E+07 † 2.9507E+02 3.4540E+02 † 3.8142E+02 † 3.4298E+02 †

/o− 2 std 2.9843E+05 3.2382E+05 3.1442E+05 3.0998E+05 5.4226E+01 5.5235E+01 5.7137E+01 5.3526E+01

c− 200 mean 6.3242E+07 5.9900E+07 † 6.1908E+07 † 6.2421E+07 † 5.3539E+02 7.9134E+02 † 7.1393E+02 † 6.1347E+02 †

/o− 2 std 9.6148E+05 7.4228E+05 1.3660E+06 9.6678E+05 9.4672E+01 8.1288E+01 1.5473E+02 8.7126E+01

c− 300 mean 1.5851E+08 1.4973E+08 † 1.5646E+08 † 1.5674E+08 † 9.3871E+02 1.2737E+03 † 1.1855E+03 † 1.0179E+03 †

/o− 2 std 2.2496E+06 1.6830E+06 1.9262E+06 2.5821E+06 1.5364E+02 9.7071E+01 2.0555E+02 1.3910E+02

c− 400 mean 2.8796E+08 2.6532E+08 † 2.8951E+08 ‡ 2.8246E+08 † 1.2214E+03 1.9872E+03 † 1.2818E+03 † 1.4422E+03 †

/o− 2 std 2.9950E+06 2.6032E+06 4.6707E+06 4.6671E+06 1.6246E+02 1.4290E+02 2.2650E+02 2.6008E+02

c− 500 mean 4.3252E+08 3.9807E+08 † 4.2390E+08 † 4.1328E+08 † 1.6351E+03 2.2517E+03 † 1.9750E+03 † 1.9603E+03 †

/o− 2 std 5.1869E+06 3.9111E+06 9.9077E+06 6.1677E+06 1.8985E+02 1.5742E+02 3.6409E+02 1.9951E+02

c− 600 mean 6.1196E+08 5.5919E+08 † 6.0324E+08 † 5.8737E+08 † 1.9378E+03 2.8410E+03 † 2.5419E+03 † 2.3057E+03 †

/o− 2 std 6.2684E+06 4.6137E+06 1.1310E+07 8.0325E+06 2.8287E+02 1.3013E+02 5.7238E+02 2.2223E+02

c− 700 mean 8.1148E+08 7.3681E+08 † 8.0423E+08 † 7.7377E+08 † 2.2867E+03 3.5128E+03 † 2.6766E+03 † 2.9080E+03 †

/o− 2 std 8.4132E+06 7.7932E+06 1.3562E+07 8.9050E+06 2.4396E+02 2.3774E+02 5.8396E+02 2.0834E+02

c− 100 mean 9.1976E+10 8.9348E+10 † 8.9186E+10 † 8.8779E+10 † 4.8105E+02 5.5209E+02 † 5.9128E+02 † 5.9330E+02 †

/o− 3 std 2.1247E+09 1.9504E+09 1.8646E+09 2.2832E+09 4.5283E+01 4.1360E+01 4.1164E+01 6.4449E+01

c− 200 mean 1.0044E+12 9.6142E+11 † 9.8869E+11 † 9.6991E+11 † 1.1386E+03 1.3116E+03 † 1.2866E+03 † 1.3165E+03 †

/o− 3 std 1.4768E+10 1.1344E+10 1.9440E+10 1.3674E+10 9.3513E+01 6.7448E+01 8.1012E+01 7.9770E+01

TABLE III: HV and IGD results obtained by AG-MOEA/D, MOEA/D-DRA, MOEA/D-GRAi and MOEA/D-GRAi,x on all

the test instances. † and ‡ denotes the performance of the corresponding algorithm is significantly worse than or better than

that of AG-MOEA/D according to the t-test with 5% significance level. The best results for each instance are highlighted in

boldface.

instance

HV IGD

AG- MOEA/D- MOEA/D- MOEA/D- AG- MOEA/D- MOEA/D- MOEA/D-

MOEA/D DRA GRAi GRAi,x MOEA/D DRA GRAi GRAi,x

c− 100 mean 1.8339E+07 1.8589E+07 ‡ 1.2658E+07 † 2.2901E+07‡ 2.9507E+02 2.8811E+02 1.1687E+03 † 1.3300E+03 †

/o− 2 std 2.9843E+05 3.4002E+05 5.5828E+05 9.0094E+06 5.4226E+01 6.1867E+01 1.1553E+02 2.4120E+02

c− 200 mean 6.3242E+07 5.9646E+07 † 2.8315E+07 † 1.1719E+07 † 5.3539E+02 8.3078E+02 † 3.5079E+03 † 6.6542E+03 †

/o− 2 std 9.6148E+05 1.2384E+06 3.2473E+06 1.2895E+06 9.4672E+01 1.0151E+02 3.8341E+02 1.3612E+03

c− 300 mean 1.5851E+08 1.4875E+08 † 6.3908E+07 † 5.9159E+07 † 9.3871E+02 1.4276E+03 † 6.1830E+03 † 1.1050E+04 †

/o− 2 std 2.2496E+06 2.1300E+06 1.7367E+07 1.8321E+07 1.5364E+02 1.5826E+02 1.4945E+03 1.7510E+03

c− 400 mean 2.8796E+08 2.6489E+08 † 7.2717E+07 † 6.3613E+07 † 1.2214E+03 2.1367E+03 † 1.1359E+04 1.9063E+04 †

/o− 2 std 2.9950E+06 5.1171E+06 4.0308E+07 3.9588E+07 1.6246E+02 2.5491E+02 3.1031E+03 3.1757E+03

c− 500 mean 4.3252E+08 3.9593E+08 † 7.4790E+07 † 1.0101E+08 † 1.6351E+03 2.4437E+03 † 1.6147E+04 † 2.3731E+04 †

/o− 2 std 5.1869E+06 6.0841E+06 6.4201E+07 6.3468E+07 1.8985E+02 2.5864E+02 4.2502E+03 4.1842E+03

c− 600 mean 6.1196E+08 5.5535E+08 † 1.0201E+08 † 1.0137E+08 † 1.9378E+03 3.2657E+03 † 1.9371E+04 † 3.1492E+04 †

/o− 2 std 6.2684E+06 1.2181E+07 8.1400E+07 8.3483E+07 2.8287E+02 3.2007E+02 4.8085E+03 4.8899E+03

c− 700 mean 8.1148E+08 7.3135E+08 † 7.7598E+07 † 1.0886E+08 † 2.2867E+03 3.6448E+03 † 2.5609E+04 † 3.8406E+04 †

/o− 2 std 8.4132E+06 1.2460E+07 7.4872E+07 9.5405E+07 2.4396E+02 3.4825E+02 4.2573E+03 5.5784E+03

c− 100 mean 9.1976E+10 7.1578E+10 † 7.0227E+10 † 6.9368E+10 † 4.8105E+02 9.2125E+02 † 9.2329E+02† 9.4613E+02†

/o− 3 std 2.1247E+09 2.4636E+09 2.0947E+09 2.1441E+09 4.5283E+01 7.6145E+01 5.0999E+01 6.2971E+01

c− 200 mean 1.0044E+12 6.8101E+11 † 6.5061E+11 † 6.5735E+11 † 1.1386E+03 2.5041E+03 † 2.6107E+03 † 2.5505E+03†

/o− 3 std 1.4768E+10 1.8337E+10 1.8913E+10 2.1742E+10 9.3513E+01 1.5112E+02 1.2703E+02 1.2332E+02
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statistical significance in all the test instances, except for

c − 100/o − 2. MOEA/D-DRA and MOEA/D-GRAi utilize

the convergence information to allocate computing resources.

MOEA/D-GRAi,x simply sums the convergence information

and diversity information up. The comparative result indicates

that the multi-phase strategy performs better than any of them.

In summary, the results show that AG-MOEA/D can find a

better balance between convergence and diversity during the

evolutionary process on the travelling salesman problem.

VI. CONCLUSION

The paper proposes a multi-phase strategy for dynamic

allocation of computational resources in the framework of

MOEA/D. Experiments verify that the proposed algorithm

achieves better performance than NSGA-II, MOEA/D and its

state-of-the-art variants in MOTSP.
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