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1. Introduction 
 

In recent decades, the development of technology and 

materials in the field of civil engineering leads to an 

enormous increase in the construction rate of high-rise 

buildings. Slender high-rise buildings with flexible nature 

and less damping are sensitive to fluctuating wind loads 

(Kareem et al. 1999), which leads to large displacement and 

acceleration responses (Simiu and Scanlan 1986). To 

mitigate the wind-induced vibrations and satisfy the 

occupants’ comfort criteria, different kinds of passive 

control devices were proposed, e.g., Tuned Mass Damper 

(TMD) (Ormondroyd and Den Hartog 1928, Kari 1979, 

Iban et al. 2013, Rezaee and Aly 2016), Multi Tuned Mass 

Damper (MTMD) (Poovarodom et al. 2001, Poovarodom et 

al. 2002, Poovarodom et al. 2003, Ubertini 2010, Zhou et 

al. 2015) and Tuned Liquid Column Damper (TLCD) (Min 

et al. 2005, Diana et al. 2013, Di Matteo et al. 2017, Di  
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Matteo et al. 2018). Some conventional mathematical 

methods based on the gradient analysis of objective 

functions (Warburton 1982) and intelligent algorithms (e.g., 

Genetic Algorithm (Poh’Sie et al. 2016) and Particle Swarm 

Algorithm (LEUNG et al. 2009) were adopted to optimize 

the three parameters (including mass, frequency and 

damping ratio) of a TMD. To further alleviate enormous 

mass of TMD installed on high-rise buildings, IVAs (such 

as TMDI and TID) were proposed as enhanced variants of 

the TMD due to the “mass amplification” effect of inerter 

(Lazar et al. 2014, Marian and Giaralis 2015). 

It is evident from previous researches that optimization 

plays an important role in enhancing the performance of 

TMDI/TID to seismic design. Lazar et al. (2014) proposed 

a TID tuning strategy for structural vibration suppression 

based on the Den Hartog’s TMD tuning guidelines, i.e., 

fixed-point theory. The superiority of the TID was verified 

by analyzing the seismic performance of the optimally-

tuned TMD and TID for multi-storey structures. Dario et al. 

(2018) performed the displacement-oriented constrained 

optimization of a TID on a base-isolated structure by 

adopting the built-in MATLAB® “fmincon” function to 

seek the optimal values of frequency and damping ratio. 

Marian and Giaralis (2015) classified both TMD and TID as 

special cases of the TMDI and carried out a preliminary 

optimization of a TMDI installed on a single-degree-of-

freedom (SDOF) structure under white-noise excitation to 
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Abstract.  The inerter-based vibration absorber (IVA) is an enhanced variation of Tuned Mass Damper (TMD). The parametric 

optimization of absorbers in the previous research mainly considered only two decision variables, namely frequency ratio and 

damping ratio, and aimed to minimize peak displacement and acceleration individually under the excitation of the across-wind 

load. This paper extends these efforts by minimizing two conflicting objectives simultaneously, i.e., the extreme displacement 

and acceleration at the top floor, under the constraint of the physical mass. Six decision variables are optimized by adopting a 

constrained multi-objective evolutionary algorithm (CMOEA), i.e., NSGA-II, under fluctuating across- and along-wind loads, 

respectively. After obtaining a set of optimal individuals, a decision-making approach is employed to select one solution which 

corresponds to a Tuned Mass Damper Inerter/Tuned Inerter Damper (TMDI/TID). The optimization procedure is applied to 

parametric optimization of TMDI/TID installed in a 340-meter-high building under wind loads. The case study indicates that the 

optimally-designed TID outperforms TMDI and TMD in terms of wind-induced vibration mitigation under different wind 

directions, and the better results are obtained by the CMOEA than those optimized by other formulae. The optimal TID is 

proven to be robust against variations in the mass and damping of the host structure, and mitigation effects on acceleration 

responses are observed to be better than displacement control under different wind directions. 
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minimize the variance of displacement by solving two 

partial differential equations of objective functions. 

Furthermore, they employed the “min-max” constraint 

optimization algorithm to optimize a support-excited chain-

like MDOF system to minimize displacement responses 

under earthquake action. Giaralis and Taflanidis (2018) 

optimized the design variables of a TMDI including 

frequency, damping and inertance ratio by taking the 

objective function as a linear combination of floor 

accelerations, inter-storey drifts, and attached mass 

displacement of a linear MDOF system excited by seismic 

excitation. A nonlinear global optimization algorithm was 

employed, and the results demonstrated that the TMDI can 

suppress higher modes of vibration as compared to a TMD. 

Through a numerical search algorithm, Dario and Ricciardi 

(2017) fixed effective mass ratio and performed the 

optimization of frequency and damping ratio for a base 

isolation multistory structures under seismic excitation. The 

same algorithm was also adopted by Dario and Ricciardi 

(2018) to carry out the optimization of four different 

performance indices (i.e., displacement performance index, 

acceleration performance index, filtered energy index, and 

TMDI stroke index) of a TMDI for structures with 

nonlinear base isolation systems. 

In addition to earthquake action, slender high-rise 

buildings are also sensitive to fluctuating wind loads (Simiu 

and Scanlan 1986). In the past few years, it has been found 

that the IVAs can usually provide better performance in 

mitigating wind-induced vibrations than other traditional 

control devices such as TMD, which catches the attention of 

several researchers. For example, Giaralis and Petrini 

(2017a) studied the wind-induced vibration mitigation 

effect of TMDI on a 74-storey steel frame building of 305m 

height. Some gains were achieved in reducing peak 

displacement and acceleration at the top floor compared to a 

TMD. In their research, Warburton Tuning formulae 

(Warburton 1982) were extended to obtain reasonable but 

non-optimal parameters of a TMDI. A parametric study for 

a TMDI with fixed mass ratio and increasing inertance 

coefficient ratio was performed. To further improve the 

efficiency of a TMDI in controlling wind-induced 

vibrations, Giaralis and Petrini(2017b) optimized the 

parameters of a TMDI installed on the same structure. The 

components of wind force were modeled by a power 

spectral density (PSD) matrix. A pattern search algorithm 

was used to optimize the frequency ratio and damping ratio 

for fixed values of mass ratio and inertance ratio, which 

aims to minimize the hourly extreme acceleration of the top 

floor. Lastly, the closed-form expressions of optimal 

frequency ratio and damping ratio as functions of mass ratio 

and inertance ratio were obtained by employing polynomial 

fitting. Wang et al. (2019) concluded that TID can provides 

better vibration mitigation effects than TMD and TMDI 

with the same physical mass ratio under aerodynamic loads 

obtained from the wind tunnel test of a benchmark tall 

building. The optimization of the frequency ratio, damping 

ratio, and floor index of TMDI/TID with other three 

parameters fixed (i.e., mass ratio, inertance ratio, and 

topologies of inerter) was performed. The results indicated 

that by installing a TMDI/TID in the lower storey rather 

than the top floor results in a much better mitigation in 

extreme displacement and acceleration responses. 

This work extents the previous researches on 

investigation of wind-induced vibration control using IVAs 

in the following aspects: (i) Unlike the single objective 

performance-based optimizations performed in previous 

researches, the optimization of IVAs aims to optimize two 

conflicting objectives simultaneously, namely displacement 

and acceleration responses, and a practical concern, i.e., the 

device mass, is considered to be a constraint, (ii) based on a 

real case and its wind tunnel test, the optimization under 

along- and across- wind excitation is performed, (iii) the 

excitation- and structure-dependent features of IVA are 

investigated by carrying out robustness analyses. With these 

three main novelties, in this paper, the parameters of an IVA 

installed in a benchmark building are optimized by adopting 

NSGA-II considering two objectives, i.e., wind-induced 

displacement and acceleration responses. Once the Pareto 

front (PF) of IVAs is obtained, a decision-making approach 

is adopted to choose one representative solution. Then this 

solution is compared with previous results (Giaralis and 

Petrini 2017a, 2017b). To validate the robustness of the 

optimally-tuned TID achieved by the suggested method, 

responses of TID-equipped structure under different wind 

directions and perturbations of structural properties are 

evaluated. 

 

 

2. Background theory 
 

2.1 Numerical simulation procedure 
 

A high-rise building equipped with a TMDI can be 

simplified as a lumped-mass model as shown in Fig.1. The 

motion equation of this TMDI-equipped building under 

wind loads can be expressed as below 

          ( ) ( ) ( ) ( )M D t C D t K D t P t    (1) 

where, {�̈�(t)}, {�̇�(t), {D(t)} are vectors of acceleration, 

velocity, and displacement of each lumped mass at arbitrary 

time t, respectively. {P(t)} is the vector of aerodynamic 

forces at arbitrary time t obtained from multi-point 

synchronized pressure wind-tunnel tests. When a TMDI is 

installed at the tth floor with a “-p” topology, the matrices of 

mass, damping, and stiffness can be written as follows 

(Wang et al. 2019) 
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 (2) 

where [𝑀]𝑠
𝑛+1, 𝐶𝑠

𝑛+1 , 𝐾𝑠
𝑛+1  ϵR(n+1)x(n+1) are the mass, 

damping, and stiffness matrices augmented by one last 

(bottom) row with zero entries and one last (rightmost) 

column of zero entries in the original matrices. mTMDI, cTMDI 

and kTMDI are the attached mass, damping of the dashpot 

elements, and the stiffness of the linear spring, respectively. 

The b is the inertance coefficient of the inerter. The first  
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terminal of the inerter is connected to the attached mass of 

the TMDI and the second terminal of the inerter is attached 

to the (t-p)th floor. Only the (t-p)th entry of the vector 1t-p 

ϵR(n+1)x1
 is equal to one, while all the other entries are equal 

to zeros. The superscript T indicates a transpose operator. 

Noteworthy, the equations of motion of a TMD- and TID-

equipped building can be retrieved from Eq. (1) by setting 

the attached mass and inertance values to zeros in Eq. (2), 

respectively. 

Once the wind-induced vibration equation of a TMDI-

equipped high-rise building is established, the numerical 

time-stepping method, i.e., Newmark-β algorithm (M. 

Newmark 1959), is adopted to calculate wind-induced  

 

 

displacement and acceleration responses at the top floor 

according to Eq. (1). Further, NSGA-II is adopted as the 

optimization algorithm to determine the optimal parameters 

of the TMDI. 

 

2.2 Theory of NSGA-II 
 

After formulating the optimization problem for the 

TMDI-equipped structure with six decision variables and 

two conflicting objectives, a widely used CMOEA, i.e., 

NSGA-II (Deb 2002), is adopted to solve the formulated 

constrained multi-objective optimization problem (CMOP). 

The flowchart of NSGA-II is shown in Fig. 2. 

 

Fig. 1 A lumped mass model of a TMDI equipped a structure with “-p” topologies (Wang et al. 2019) 

 

Fig. 2 The flowchart of NSGA-II 
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Fig. 3 A simple Pareto optimal front with a knee point 

 

 

Fig. 4 A “knee” K1 of a Pareto front as characterized 

 
Table 1 Main dynamic parameters of the primary structure 

(Wang et al. 2019) 

Total mass 

M 

(dead and 

live loads) 

First-order natural 

frequency along x-

axis 

First-order 

generalized 

mass 

First-order 

damping ratio 

s1  

231659 t 0.176 Hz 61287 t 1% 

 
 

2.3 Theory of decision-making approaches 
 

To select a suitable solution from the entire PF, a 

concept of the knee point is employed. In the region around 

the knee point, a small change exerted to one of the 

objectives on the PF will result in a large effect on at least 

one other objective (Cai et al. 2016). For example, a simple 

PF is described in Fig. 3, which has two objectives to be 

minimized. This PF has a clearly visible bump in the 

middle, which is called a “knee”. Without any preference in 

advance, the knee is a widely used solution for decision 

makers in multi-objective optimization. 

A knee point of a PF is found by solving the following 

nonlinear programming problem (Zitzler and Künzli 2004) 

       * *

1 2max , ,
x PS

dist F x L F x F x


 (3) 

where x represents the decision variables of a solution, PS is 

the Pareto optimal set, and F is the objective function. 

 * arg min , 1,2 


x f x i
i i

x PS
. The characteristics of the knee point can 

be interpreted as the maximum expansion of the curve with 

respect to the line    * *,
1 2

 
 
 

L F x F x  containing the two extreme 

points (y1
* and y2

*) of the curve as shown in Fig. 4. Since 

we are interested in “convex bumps” (see Fig. 3, or the 

references (Zitzler and Künzli 2004, Beume et al. 2007), we 

define the distance of the F(x) a candidate solution to 

   * *,
1 2

 
 
 

L F x F x  as follows 
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D x x x

dist F x L F x F x if f x g f x

dist F x L F x F x else

 (4) 

where      * *,
1 2

   
 

g x L F x F x . Using this function, we can 

modify the nonlinear programming problem in Eq. (3) by 

 * *

1 2max , ,
x PS

D x x x


 (5) 

 

 

3. Case study 
 
3.1 Benchmark building and wind tunnel test 
 

The benchmark building has a height of 340 m with 69 

floors. As the 58th floor is the topmost floor where the 

residents live, the installation floor of the IVA is chosen to 

be lower than 59th floor. The main dynamic parameters of 

the original structure extracted from a finite element model 

are listed in Table 1. 

Wind tunnel tests of synchronous multiple-point 

pressure measurement for the building were carried out in 

the boundary layer wind tunnel under 24 wind directions (as 

shown in Fig. 5). The coordinates of structural analysis and 

the wind direction definition are shown in Fig. 6. It can be 

seen that the incoming winds at 0° and 270° wind directions 

(denoted as βw) are the least affected by surrounding 

buildings, which correspond to the along- and across-wind, 

respectively. The x-axis components of the aerodynamic 

forces at each floor are obtained in terms of scale technique 

of the wind tunnel tests. The further details about the 

dynamic characteristics of the original structure and wind 

tunnel tests can be referred to Ref. (Wang et al. 2019). 

TMDI
TMDI

m

M
   (6) 

where M is the total mass of the original structure. In 

practice, the mass ratio of a super-high rise building rarely 

exceeds 0.5% (Giaralis and Petrini 2017a). The analysis of 

vibration mitigation effect of a TMDI installed on the same 

benchmark building in reference (Wang et al. 2019) was 

carried out with 
TMDI 0.25%  . A slightly wider interval 

of mass ratio, i.e., [0%,0.5%], is adopted in the present 

study. 

The inertance coefficient ratio  , is defined as in Eq. 

(7), with value in the range [0,1] (Giaralis and Petrini  
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Table 2 The configuration of NSGA-II 

Parameters Value 

Maximum generation 1000 

Population size 200 

Crossover probability 0.9 

Mutation probability 1/6 

The number of decision variables 6 

 

 

2017a). 

b

M
   (7) 

The frequency ratio υTMDI is denoted as 

TMDI TMDI
TMDI 1

1 TMDI

/
k

m b


 


 


 (8) 

where ωTMDI is the free vibration frequency of TMDI, and 

ω1 is the first order frequency of the original structure. 

Giaralis and Petrini (2017b) indicated that the optimal 

frequency ratio slightly less than 1 has the most efficient 

vibration mitigation effect. Considering the uncertainty 

effect of newly added parameters (t and -p) on the 

optimization, the frequency ratio is limited in the following 

range [0.7,1.2]. 

The damping ratio ζTMDI is constrained within [0, 20%] 

which has a more feasible physical realization based on 

previous works (Giaralis and Petrini 2017b). It is defined as 

follow: 

 
TMDI

TMDI

TMDI TMDI2

c

m b k
 


 (9) 

The floor of TMDI installation t and the topologies “-p” 

have been defined in Eq. (2). To further study the mitigation 

effect of the TMDI, the value of t is set in the range [30,58]. 

The topology “-p” is constrained within [-4,0] with the 

consideration of the possibilities of implementation and the 

effect of larger |-p| value in achieving the better vibration 

mitigation effect of a TMDI (Giaralis and Petrini 2017a). 

Once the six parameters are determined, Eq. (1) can be 

established in terms of aerodynamic forces from wind 

tunnel tests and be solved by employing numerical time-

stepping methods (M. Newmark 1959). Then the two 

objective (extreme acceleration and displacement 

responses) can be calculated by �̂� acc=gσacc and 

�̂� dis=μdis±gσdis, respectively, where 
dis  is the mean 

displacement, g=3.5 is the peak factor estimated from the 

empirical formula(Davenport 1964), and   is the mean 

square root of corresponding responses. To achieve a good 

balance between the performance of the TMDI on 

controlling wind-induced vibrations and its weight which 

relates to the cost of installation, a constraint on the 

physical mass of TMDI is set to represent for the secondary 

economic concern. It was found that the ratios of inertance 

coefficient over the physical mass of inerter can reach 200 

(Papageorgiou and Smith 2006). Thus, the physical mass 

ratio μ=(mattachedmass+minerter)/M=μTMDI+β/200 is adopted to 

represent for the actual mass of TMDI devices and is 

determined to be constrained within 0.5%. Under this 

setting of μp, two cases, i.e., TMD (μTMD=0.5%, β=0) and 

TID (μTMD=0, β=1), will be included. From stated above, a 

CMOP can be formulated as follows: 

 

 

   

   

   

1 TMDI TMDI TMDI

2 TMDI TMDI TMDI
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f t p D

s t

t p

   

   

 

 

 

 

 

  


 


 
    

 (10) 

where f1 and f2 are the two objective functions with six 

decision variables. 

 

3.3 Optimization results and verification 
 

The parameters of the TMDI installed in the high-rise 

building are respectively optimized under across- and 

along-wind fluctuating loads by multi-objective 

optimization theory. The configuration of NSGA-II is listed 

in Table 2. 

To compare the results of optimization with previous 

researches, Giaralis tuning formulae (Giaralis and Petrini 

2017b) and Warburton tuning formulae (Warburton 1982) 

are used as listed in Eq. (11) and Eq. (12), respectively. 

 

TMDI TMDI

TMDI TMDI s1

26 288 1
1

84 84 84

11
11 1

65

   

    

  
    

  

     


 (11) 

where ζs1 is the first modal damping ratio of the original 

structure. 

 

   

   

TMDI

TMDI

TMDI

TMDI TMDI

TMDI

TMDI TMDI

1 0.5

1

1 0.75

4 1 1 0.5

 


 

   


   

  
 

 


      


      

 (12) 

 

3.3.1 Optimization results under across-wind 
fluctuating loads (270° wind direction) 

Due to the vortex shedding, the power spectral density 

(PSD) of aerodynamic forces at across-wind direction 

shown in Fig. 7 has a notable peak around dimensionless 

frequency fB/U(z)=0.06, where f is the frequency in Hz, B 

is the windward width of the benchmark building, and U(z) 

is the mean wind velocity at the height of z(m) 

corresponding to 50 years return period. It can be seen that 

the frequency components of fluctuating forces based on 

wind tunnel tests distribute different from the PSD 

simulated by empirical formulae (Liang et al. 2002) due to 

the surrounding buildings. The PSD of aerodynamic loads 
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at across-wind indicates a narrow band stochastic process, 

which is different from the PSD of along-wind fluctuating 

force indicating a broadband process as shown in Fig. 11. 

The optimization results (shown in Fig.8) under across-

wind excitation are illustrated in the form of Pareto front. 

The horizontal axis and vertical axis represent two objects, 

i.e. extreme displacement and acceleration responses at the 

top floor, respectively. 

Under the constraint of physical mass ratio, the optimal 

mass ratio and inertance coefficient ratio are equal to 0 and 

1 respectively, which indicates that the TID has better 

mitigation effects than those of the TMDI and TMD. Each 

point in the PF as shown in Fig. 8 represents a set of 

optimal parameters of a TID. The PF composes of 200 

solutions of optimal parameters and approaches to lower 

left corner in Fig. 8, which indicates that the optimal 

parameters in the PF are better than those tuned by Giaralis 

formulae (Giaralis and Petrini 2017b) and Warburton 

formulae (Warburton 1982). The obtained PF is in form of 

curve instead of straight line pointing towards the origin, 

which indicates that the two objectives, namely extreme 

displacement and acceleration responses, are conflicting 

with each other. In addition, the PF obtained under across- 

 

 

 

wind excitation in Fig. 8 is apparently different from that as 

shown in Fig. 12 under along-wind loads. It may be 

attributed to the difference between the spectra of across- 

and along-wind fluctuating forces, i.e. the spectra of across 

and along-wind forces are narrow (shown in Fig. 7) and 

broad band (shown in Fig. 11) stochastic process, 

respectively.  

Generally, each solution in the PF can be used as a design 

of the TID. For practical application, only one set of the 

optimal parameters will be selected. According to Eq. (3), a 

knee point in the PF is selected, which represents the 

optimal parameters of a TID. Three sets of optimal 

parameters of TID (selected from the PF), namely minimum 

extreme displacement (Dismin), acceleration (Accmin) and the 

knee point respectively, and six more sets of parameters of 

TID tuned by using Eqs. (11) and (12) are listed in Table 3 

for the comparison. The extreme displacement and 

acceleration of the original structure are also listed in Table 

3 to estimate the vibration mitigation effects of the TID 

with different parameters. 

From Table 3, it can be seen that the optimal TID design 

corresponding to the knee point has a good trade-off of 

mitigation effects between wind induced displacement and  

 

Fig. 7 Power spectrum densities of aerodynamic forces at 270° wind direction 

 

Fig. 8 The PF obtained by NSGA-II at the wind direction 270° 
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acceleration responses. TID tuned by Giaralis formulae 

(Giaralis and Petrini 2017b) can achieve the same vibration 

mitigation effect as that obtained by NSGA-II, only if the 

installation floor of TID in eighth and ninth rows in Table 3 

are set to be the same as those from NSGA-II. It is worth 

noted that NSGA-Ⅱ can simultaneously optimize six 

parameters, while the formulae (Warburton 1982, Giaralis 

and Petrini 2017a) can only optimize frequency and  

 

 

damping ratio with the other four parameters of the TMDI 

fixed. 

The comparison among the 200 solutions of optimal 

parameters in the PF shows that the optimal topologies of 

TIDs reach the lower bound, i.e., -4. This result of better 

vibration mitigation effect of TMDIs achieved by the inerter 

spanning more stories matches well with the previous works 

(Giaralis and Petrini 2017a, Giaralis and Taflanidis 2018). 

Table 3 Parameters of optimal TID, TID under Warburton tuning and Giaralis tuning at the wind direction of 270° 

Case Property TMDI
 


 TMDI

 TMDI
 

t -p  ˆ mdisD   2ˆ m/saccD  

TID 

(Pareto Fronts) 

minDis
 0 1 1.14 14.2% 42 -4 0.0977 0.0416 

Knee point 0 1 1.16 15.0% 44 -4 0.0977 0.0413 

minAcc
 

0 1 1.16 15.8% 45 -4 0.0978 0.0413 

TID 

(Warburton 

Tuning) 

minDis
 

0 1 0.61 38.2% 42 -4 0.1206 0.0601 

minAcc
 0 1 0.61 38.2% 45 -4 0.1208 0.0601 

Conventional case 0 1 0.61 38.2% 58 -4 0.1339 0.0689 

TID 

(Giaralis 

Tuning) 

minDis
 

0 1 0.99 17.9% 42 -4 0.1029 0.0463 

minAcc
 0 1 0.99 17.9% 45 -4 0.1039 0.0469 

Conventional case 0 1 0.99 17.9% 58 -4 0.1242 0.0635 

Original 

Structure 

(OS) 

\ \ \ \ \ \ \ 0.1546 0.0845 

 
(a)Displacement transfer functions of top floor of the benchmark building 

 
(b)Acceleration transfer functions of top floor of the benchmark building 

Fig. 9 Transfer functions of OS and different TID-equipped structures 
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Besides the parameters mentioned above, the other three 

parameters, i.e., frequency ratio, damping ratio and TMDI 

installation floor, have been obtained. The damping ratio 

increases from 14.2% to 15.8% gradually with the 

increasing frequency ratio and the TMDI installation floor 

index. This range of optimal damping ratio is close to the 

value obtained by Giaralis formulae (Giaralis and Petrini 

2017b) but much lower than that mentioned in previous 

studies for seismic design (Marian and Giaralis 2015, 

Giaralis and Taflanidis 2018). The optimal frequency ratio 

in the present case is around 1.15, which approaches to the 

first natural frequency of the benchmark high-rise building 

and is close to the optimal frequency ratio in the reference 

(Giaralis and Petrini 2017b). The optimization results 

indicate that the TID installed on the upper middle part of 

the structure (namely 42nd to 45th floor) can provide better 

vibration mitigation effect rather than that on the top floor.  

To verify the optimal parameters of the TID, transfer 

functions and time histories of displacement and 

acceleration at top floor are analyzed. Figs. 9(a)-9(b) show 

the modulus of the transfer function of displacement and 

acceleration responses, respectively, at the 69th DOF (top 

floor) of the benchmark building induced by forces at the 

69th DOF. 

In Fig. 9(a), the first peak appears around the first 

natural frequency (1.10 rad/s). The first three peaks of the  

 

 

 

original structure (in dark cyan) are obviously higher than 

those of the TID-equipped structures, which indicates the 

efficiency of the TID in vibration control. The parameters 

of the TID obtained from the knee point can mostly reduce 

wind-induced displacement responses corresponding to the 

first vibration mode among the three cases. The results are 

consistent with those in Table 3. In Fig. 9(b), the highest 

peak of the acceleration transfer function is observed 

around the third natural frequency. TIDs efficiently 

suppress wind-induced acceleration responses 

corresponding to the first three natural frequencies of the 

structure. However, as energy of aerodynamic force at 270° 

wind direction distributes mainly under 1 rad/s (as 

displayed in Fig. 7), the contribution from first order 

vibration mode still dominates the acceleration responses. 

In time domain analyses, Fig. 10 represents segments of 

the time-history responses of displacement and acceleration 

(for a duration of 20 minutes) at the top floor corresponding 

to 270° wind direction. It is well observed that the best 

vibration mitigation effect is achieved by the optimal TID 

for both displacement and acceleration, which is consistent 

with the results shown in Fig. 9 and Table 3. 

 

3.3.2 Optimization results for along-wind 
excitation (0° wind direction) 

Considering the fact that frequency components of loads  

  
(a) Displacement responses (b) Acceleration responses 

Fig. 10 Time histories of (a) displacement and (b) acceleration at the 69th storey corresponding to 270° wind direction 

 

Fig. 11 Power spectrum densities of aerodynamic forces at wind directions of 0° 
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may affect optimal parameters, the optimization under 

along-wind excitation is also performed. The along-wind 

force spectra at the 30th and the 60th floor from wind tunnel 

tests and the along-wind speed spectra following Karman 

formulae (Von Kármán 1948) are presented in Fig. 11. As 

the along-wind aerodynamic force is a quasi-steady process, 

the PSD of along-wind speed may reflect the energy 

distribution of along-wind force in the frequency domain. In 

the low frequency range, the PSD from Karman formulae 

has a good agreement with that from the wind tunnel test. 

By comparing the PSD of along-wind excitation to that of 

across-wind excitation as shown in Fig. 7, it is clear that the 

PSD of along-wind is a broadband stochastic process. 

Under the along-wind excitation, TIDs still have better 

mitigation effects than those of TMDIs and TMDs with the 

same physical mass ratio. The PF under along-wind 

excitation is shown in Fig. 12. The trend of PF is almost 

perpendicular to horizontal axis, which indicates that the 

displacement mitigation effects among optimal TIDs are 

almost the same, while the acceleration mitigation effects 

vary relatively larger among different individuals. 

The optimal parameters and wind-induced responses of 

TMDIs with different tuning formulae are listed in Table 4. 

Similar to the optimization results under across-wind 

excitation, the values of three parameters, i.e., μTMDI, β and 

– 

 

 

p, have reached the preset bounds. The distribution of the 

first two parameters indicates that the TID can achieve the 

best vibration mitigation effect comparing to the TMDI and 

TMD. The optimal values of the topologies prove that the 

more stories the inerter span, the better vibration mitigation 

effect of the TID can be achieved under along-wind 

excitation. As for the optimal values of other three 

parameters, a better mitigation effect in displacement 

responses and a less reduction in acceleration responses are 

achieved as the three parameters increase simultaneously in 

their corresponding optimal intervals. By comparing 

optimal individuals under along-wind excitation with TIDs 

tuned by Warburton and Giaralis formulae, the same results 

can be also observed as those under across-wind. 

 

 

4. Robustness analysis of the optimal parameters of 
the TID and practical design considerations 

 
4.1 Robustness of the optimally designed TID 
 

Because the optimization of the TID is performed under 

specific wind excitation and structural properties, it is 

necessary to investigate the robustness of TID under general 

condition, i.e., different wind directions and various  

 

Fig. 12 The PF of the optimization results corresponding to 0° 

Table 4 Parameters of optimal TID, TID under Warburton tuning and Giaralis tuning at the wind direction of 0° 

Case Property TMDI
 


 TMDI

 TMDI
 t -p  ˆ mdisD   2ˆ m/saccD  

TID 

(Pareto Fronts) 

minDis
 

0 1 1.14 13.3% 42 -4 -0.1520 0.0383 

Knee point 0 1 1.19 15.8% 48 -4 -0.1525 0.0353 

minAcc
 0 1 1.19 19.4% 49 -4 -0.1529 0.0348 

TID 

(Warburton 

Tuning) 

minDis
 

0 1 0.61 38.2% 42 -4 -0.1668 0.0430 

minAcc
 

0 1 0.61 38.2% 49 -4 -0.1680 0.0446 

Conventional case 0 1 0.61 38.2% 58 -4 -0.1749 0.0471 

TID 

(Giaralis 

Tuning) 

minDis
 0 1 0.99 17.9% 42 -4 -0.1556 0.0379 

minAcc
 

0 1 0.99 17.9% 49 -4 -0.1582 0.0381 

Conventional case 0 1 0.99 17.9% 58 -4 -0.1694 0.0452 

Original 

Structure 

(OS) 

\ \ \ \ \ \ \ -0.1870 0.0591 
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Table 5 Parameters of the selected optimal TID 

Parameters Value 

Mass ratio 0 

Inertance coefficient ratio 1 

Frequency ratio 1.17 

Damping ratio 15% 

Topologies of inerter 4 

Floor of TMDI installation 46 

 

 
(a) Displacement responses 

 
(b) Acceleration responses 

Fig. 13 Wind induced (a) displacement (b) acceleration 

responses of original structure and TID-equipped structure 

at 24 wind directions 

 

 

structural dynamic characteristics. Based on two knee 

points mentioned in Section 3.3, a group of optimal 

parameters of TID is selected (denoted as TIDopt) and listed 

in Table 5.  

 

4.1.1 Impacts of different wind directions on the 
performance of the optimal TID 

To investigate the robustness of the optimal TID under 

different wind directions, displacement and acceleration 

responses induced by aerodynamic loads under 24 wind 

directions are calculated and plotted in Fig.13. 

In Figs. 13(a) and 13(b), TIDopt decreases the extreme 

displacement and acceleration at top floor of the benchmark 

building at all 24 wind directions. 

To quantify the vibration mitigation effect of the TID, 

vibration-absorbing factor Fva is expressed as below (Wang 

et al. 2019) 

OS TID

TID

va

R R
F

R


  (13) 

where Ros and RTID represent the responses (displacement or 

acceleration) of the original structure and the TID-equipped 

structure, respectively. The Fva of TIDopt on displacement 

varies from 39.2% at wind direction of 90° to 10.9% at 

wind direction of 330°. As compared to the mitigation 

effect of TIDopt on extreme displacement, larger and more 

stable reduction on extreme acceleration from 36.2% to 

53.9% is achieved. The above discussion indicates that 

TIDopt has significant robustness in mitigating acceleration 

at different wind directions. 

 

4.1.2 Impacts of variations of structural dynamic 
characteristics on the performance of the TID 

In addition, the dynamic characteristics of structures 

may have an impact on the optimization results. In this 

respect, considering the lumped mass of each DOF, 

especially live loads, probably change during its service 

life, the variation range of mass of each floor is set to be 

[0.9,1.1] times of its original value. Meanwhile, due to the 

great uncertainty in the estimation of damping (Spence and 

Kareem 2013), a wider range of [0.8,1.2] times of original 

values of the damping matrix is determined to represent the 

perturbation of the damping between stories.  

To quantify the vibration mitigation effect of TIDopt 

under different conditions, a normalized performance index 

(denoted as PI) is defined as below 

va

va opt

F
PI

F 

  (14) 

where Fva-opt is the vibration-absorbing factor of TIDopt 

under excitations at wind direction of 270° (36.8% for 

displacement and 51.0% for acceleration). 

Fig. 14 shows the PI for displacement and acceleration 

of the TIDopt equipped structure. The values of PI for 

displacement and acceleration are found to be around 1, 

which indicates the high robustness of optimal TID against 

perturbations on structural dynamic properties. A valley at 

about M/MOS=0.96 in Fig. 14(a) can be observed, which 

means that variation of mass within [-4%,0%] will weaken 

the performance of the optimal TID in terms of 

displacement mitigation. For acceleration PI shown in Fig. 

14(b), the two valleys occur below M/MOS=0.90 and at 

M/MOS=1.06, which have the similar trend as shown in Fig. 

14(a). The PI for both displacement and acceleration 

decrease gradually with the increase in damping. It may be 

attributed to the fact that the host structure with larger 

damping will dissipate more energy. Comparing the 

extreme values of PI in Figs. 14(a) and 14(b), the 

robustness of the TID in mitigating acceleration is better 

than that in controlling displacement. 

 

4.2 Practical design considerations of an absorber 
 

It is important to evaluate the implementation difficulty 

of the optimal parameters of the TID in terms of the stroke 

of the TID and the inerter force. The root mean square 

(RMS) of the relative displacement between the two 

terminals of an inerter is related to the stroke of the inerter. 

The stroke of the optimally-designed TMD is evaluated by  
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the RMS value of the relative displacement between the 

attached mass and the optimal installation floor in this case 

(58th floor). They are calculated at 24 wind directions, and 

the results are plotted in Fig. 15. Comparing the TID and 

the TMD with the same physical mass ratio, the inerter can 

significantly decrease the stroke of the vibration absorbing 

devices. 

The extreme inerter force can be calculated by 

multiplying inertance coefficient with extreme relative 

acceleration between its two terminals (Giaralis and Petrini 

2017a). The extreme relative acceleration is calculated by 

Eq. (1), and the corresponding extreme inertance force is 

4043kN. According to results reported by Karavasilis et. al.  

 

 

(2012), such requirements for inerter force can be 

implemented safely by adopting several parallel inerters. 

 

 

5. Conclusions 
 

The parametric optimization of IVAs, i.e., TMDIs and 

TIDs, is performed by applying NSGA-II to a high-rise 

building installed with an absorber. The PFs are obtained 

under across- and along-wind excitations, respectively. Two 

representative individuals from two discrete PFs are 

selected by a decision-making approach. The main 

conclusions of the present work can be summarized as 

  

  
(a) Displacement responses (b) Acceleration responses 

Fig. 14 PI for (a) extreme displacement and (b) extreme acceleration of TIDopt at wind direction of 270° under variations of 

mass and damping of benchmark building 

 

Fig. 15 Root mean square of the TMD and TID stroke 
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follows: 

• The analysis of parameters indicates that the TID can 

achieve better wind-induced vibration mitigation effects 

than that of the TMDI and TMD in terms of two optimal 

objectives, i.e., extreme displacement and acceleration 

responses. The optimal damping ratio varies from 13% 

to 19%. The optimal frequency ratio ranged from 1.14 to 

1.19. As for the inertance ratio and topologies of inerter, 

it can be seen that the values have reached the 

boundaries of their constrained intervals under both 

types of wind excitations, and the results agree well with 

the previous researches. 

• The case study shows that the TID at the knee point 

can achieve maximum reduction for both extreme 

displacement and acceleration of 36.8% and 51.0% at 

across-wind direction, respectively. The corresponding 

Fva values are 18.7% and 36.2% under along-wind 

excitation, respectively. 

• The acceleration mitigation effect of TIDopt is robust 

under the variation of aerodynamic loads for wind 

directions ranging from 0° to 345°. For displacement 

responses, reduction ratios range from 10.9% to 39.2% 

at different wind directions. In comparison, larger and 

more stable reduction ratios on extreme acceleration 

from 36.2% to 53.9% are observed. The TIDopt also has 

a good robustness in engineering application under the 

variation of dynamic characteristics of the structure. 

With ±10% and ±20% perturbations exerted on the 

mass and damping of the original structure, respectively, 

no significant decrease on values of PI is observed. 

 

 

Future Work 
 

The results in section 4.1.2 indicate that the dynamic 

properties have significant influences on the performance of 

IVAs. Thus, further research will focus on the parametric 

optimization of IVAs with the consideration of the dynamic 

properties of host structures. 
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